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Abstract 



Exact solutions of the Bohr Hamiltonian with a five-dimensional square well po- 
tential, in isolation or coupled to a fermion by the five-dimensional spin-orbit in- 
teraction, are considered as examples of a new class of dynamical symmetry or 
Bose-Fermi dynamical symmetry. The solutions provide baselines for experimental 
\ studies of even-even [E(5)] and odd-mass [E(5|4)] nuclei near the critical point of 

<^> • the spherical to deformed 7-unstable phase transition. 
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1 Introduction 
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Dynamical symmetries have played an important role in the spectroscopy 
of nuclei, in particular in the description of their collective properties. A dy- 
namical symmetry [1, 2] occurs when the Hamiltonian is constructed from 
the Casimir operators of the Lie algebras in a subalgebra chain (G D G' D 
G" D ■ ■ ■). Dynamical symmetries yield good quantum numbers, labeling the 
irreducible representations of G D G' Z> G" D ■ ■ ■ , and make possible ana- 
lytic solutions for the eigenvalues, eigenstates, and related observables. They 
thereby allow simple and straightforward comparison with experiment. Most 
applications of dynamical symmetries have been in the context of algebraic 
models, such as the interacting boson model (IBM) for nuclei [3] . The algebraic 
structure of this model is based upon U(6), and three dynamical symmetries 
arise, involving the subalgebras U(5), SO (6), and SU(3). These symmetries can 
be related to the geometric description of nuclei [4-6], through the geometry 
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U(6)/[U(5)(g)U(l)] associated with U(6) [7-9]. They are seen to describe lim- 
iting cases of geometric structure involving the quadrupole degree of freedom: 
spherical oscillator [U(5)], 7-soft rotor [SO (6)], and axially symmetric rotor 
[SU(3)] structure. However, the intermediate situations between the structural 
limits are often of greatest interest, both for applications to actual transitional 
nuclei [10, 11] and in the study of phase transitions between the structural lim- 
its [12]. For these situations, results can usually only be obtained by numerical 
diagonalization of the Hamiltonian. 

Recently, it has been suggested [13] that there is a class of dynamical sym- 
metry which can be useful in the analysis of experimental data near the critical 
point of a phase transition. These symmetries cannot easily be formulated in 
algebraic models but arise naturally in models based upon the consideration 
of differential equations, such as the geometric description of nuclei with the 
Bohr Hamiltonian [4-6]. These symmetries are defined as dynamical symme- 
tries in the traditional sense [1,2], in that the Hamiltonian is written in terms 
of the Casimir operators of a chain of Lie algebras G D G' D G" D • • • , 
but the operators are now differential operators defined on a coordinate space 
restricted to a bounded domain. 

A simple application of this approach is to the spectroscopy of nuclei near 
the critical point of the second order phase transition between the U(5) and 
SO (6) structural limits. The resulting description, denoted E(5), is simply the 
solution of the Bohr Hamiltonian for a five- dimensional square well poten- 
tial [14], which is an idealized form of the potential near the critical point of 
the phase transition [13]. The first part of this article (after a brief summary 
of some prerequisite results for the five- dimensional square well potential) 
describes the algebraic properties of the E(5) dynamical symmetry and ex- 
tends the calculations for electromagnetic matrix elements beyond the basic 
results reported in Ref. [13]. The calculations include electromagnetic opera- 
tors involving higher order terms and make use of a recent construction of the 
angular wave functions (hyperspherical harmonics) in terms of orthogonalized 
products of generating functions [15, 16]. 

While dynamical symmetries in their simplest form involve purely bosonic 
or purely fermionic realizations of Lie algebras, dynamical symmetries can also 
be formulated for mixed bosonic and fermionic systems. Bose-Fermi dynamical 
symmetries [17] have mostly been applied within the framework of the inter- 
acting boson fermion model (IBFM) for nuclei [18]. For a nucleus consisting of 
a core coupled to a fermion distributed among orbitals with angular momenta 
j, the algebraic structure is based on the Lie algebra U b(6) F[12j(2j + 1)], 
which can then be embedded in the superalgebra U[6| X^(2j + 1)] [19]. The 
dynamical Bose-Fermi symmetries of the IBFM have been very useful in the 
description of odd-mass nuclei, but the symmetries have only been applica- 
ble to nuclei at structural limits. For odd-mass nuclei, even more than for 
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even-even nuclei, intermediate situations between the structural limits are of 
greatest interest, both for application to specific nuclei and for the study of 
the influence of coupled fermions on nuclear phase transitions. 

In the second part of this article, the dynamical symmetry approach to 
describing structure near the critical point of a phase transition is extended to 
the odd-mass Bose-Fermi system. The simplest case of such a Bose-Fermi dy- 
namical symmetry arises for a particle with j = 3/2 coupled to the quadrupole 
degrees of freedom by a five dimensional spin-orbit interaction, leading to an 
E(5) <S> U(4) algebraic structure. Here we discuss the solution of the Bohr 
Hamiltonian with a square well potential in the presence of such a coupling. 
The calculation of electromagnetic observables is considered in detail. Pre- 
liminary results were reported in Ref. [20], where the notation E(5|4) was 
adopted for the model. A byproduct of the calculation is a systematic method 
for construction of the necessary Spin (5) D Spin (3) isoscalar factors, relevant 
not only to the situation discussed here but to all problems involving Spin(5) 
coupling schemes. 

The E(5) model has provided the basis for both experimental investiga- 
tions and further theoretical developments [21-30]. Preliminary experimental 
and theoretical studies involving E(5|4) have also been carried out [31,32]. 
This article is meant primarily to provide a baseline for further study, both 
experimental and theoretical, of nuclei near the critical point of the spherical 
to deformed 7-unstable phase transition. 



2 Transitional symmetry for the 7-independent potential 

2.1 Hamiltonian and solution 

We begin by considering an analytic solution describing the structure of 
even-even nuclei near the critical point of the transition between spherical and 
deformed 7-soft structure. The resulting E(5) model provides a benchmark 
for the basic features of nuclear structure soft to both 7 and j3 deformation. 
It was presented in part in Ref. [13]. We consider it here in further detail 
both since it provides a basis for comparison with experimental data (e.g., 
Refs. [21-23,25,26]) and since it provides the foundation for the description 
of transitional odd-mass nuclei considered in Sec. 3. 

For this analysis, we consider the Bohr Hamiltonian [4-6], 



H 



2B 



7T • 7T + V(a). 
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Here a M (// = 0, ±1, ±2) are the quadrupole deformation coordinates, 7r M are 
the conjugate momenta, and standard spherical tensor notation [33] is used, 
with = (— ) a_m t1^. The quadrupole coordinates may be written in terms 
of the intrinsic deformation variables ft and 7 and the Euler angles (#1, #2, $3) 
as 



a. 



P 



1 



(0) cos 7 + W + ^aW] sm 7 J ■ (2.2) 



(2) 



The Hamiltonian, reexpressed in terms of these variables, is 



H = - 



2B 



p*dp' dp p 2 



1 d d 1 
- — ——sin 37— > — tt— 

v sin 37 c/7 177 4 ^ sin (7 



L' 2 



+ F(/3,7), (2.3) 



where the Z/ K are the intrinsic frame angular momentum operators. We con- 
sider here specifically the case in which the potential is 7-independent, i.e., 
V(/3, 7) = V(f3). A 7-independent potential suffices to describe spherical os- 
cillator structure, deformed 7-soft structure [14], and the transition between 
them. This range of structural possibilities corresponds to the U(5)-SO(6) 
transition in the interacting boson model (IBM) [34]. 

The Hamiltonian (2.3) with 7-independent potential is invariant under ro- 
tations in the five-dimensional space of the coordinates a^. The resulting SO(5) 
symmetry yields the five-dimensional analogue of the central force problem. 
A separation of "radial" (P) and "angular" (7 and d) variables can be carried 
out in the standard way [14, 35]. The eigenfunctions are of the form 



The angular and radial factors satisfy the equations 



a 



1 d sin3i _d_ + ly 

sin 37 d'y 97 4 ^ sin 2 (7 — \-kk) 



(2.4) 



tf(7,#) = Atf(7,#) (2.5) 



and 



---p 4 - + - + V{B) 
P*dp P dp (P {P> 



f(P) = ef(P), 



(2.6) 



related by the separation constant A. [Here, and for the remainder of this arti- 
cle, we set h 2 /(2B) = 1. This can always be achieved by transformation to the 
reduced eigenvalues e' = 2Be/h 2 and reduced potential V'(P) = 2BV(P)/h 2 .] 

The solutions for the "angular" wave functions, ^ T u a lm l {1i are com- 
mon to all 7-soft problems and are well known [15, 16,36]. They can be con- 
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structed explicitly as functions of the form 

*T^LM L (l,#) = E Fr^LK{l)<t>M L M, (2-7) 

K=0 
even 

where cf> L MK {V) ee [(2L + l)/(16vr 2 (l + ^))]V 2 [^(tf) + R^xW] is 
a symmetrized, normalized combination of S) functions, and the F t z a lk(i) 
are polynomials involving trigonometric functions of 7 [16]. Their eigenvalues 
in (2.5) are A = r(r + 3), for r = 0, 1, . . .. (The quantum numbers are defined 
more fully below.) 

The radial equation (2.6) posesses analytic solutions (or dynamical sym- 
metries) only for a limited set of potentials. It is equivalent to the usual 
one-dimensional Schrodinger equation with an effective radial potential term 
oc 1/P 2 . This can easily be seen by transformation to the "auxiliary" radial 
wave function ip((3) =f3~ 2 f((3) ) which satisfies 

tp{P) = etp(p). (2.8) 

This equation posesses analytic solutions [37] for only two classes of potential, 
the generalized oscillator potential 

V((3) = ap 2 + b^ 2 , (2.9) 

which has been used in a study of the U(5)-SO(6) transition by Elliott, Evans, 
and Park [38], and the generalized Coulomb potential 

V(/3) = a/T 1 + bp' 2 . (2.10) 



,2 A 4- 2 



The free potential, V(/3) = 0, occurs as a limiting case (a = b = 0) of either 
potential (2.9) or (2.10). The free potential, though exceedingly simple, is of 
special interest for the description of structure near the critical point between 
spherical and deformed structure. A potential V(f3) which is flat with respect 
to P allows the nucleus to assume either a spherical (P = 0) or deformed 
(P > 0) shape with minimal energy penalty. An idealized approximation near 
the critical point is thus the five- dimensional infinite square well potential [14], 

[00 P>Pw, 

which is just the free potential on the bounded domain P < (3 W . Solution 
proceeds exactly as for the classic three-dimensional spherical well prob- 
lem [37]. The radial equation (2.6) or (2.8) is, for V(P) = 0, equivalent to 
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Table 1 

Angular momentum contents of the symmetric representations (r, 0) of SO(5), for 
r<6. 

r L 



1 2 

2 4 2 

3 6 4 3 

4 8 6 5 4 2 

5 10 876542 

6 12 10 98766430 



the Bessel equation (see Refs. [13,37] for details). It is satisfied by functions 
f{(3)oQ(3- z ' 2 J v {e l / 2 l3), with Bessel funct ion order 

v = (A + 9/4) 1 / 2 , (2.12) 

or, in terms of r, u{t) = r + 3/2. The boundary condition arising from the 
well wall [f(Pw) — 0] restricts the eigenvalue to 




(2.13) 



where x V £ is the £th zero of J v [39]. The resulting radial eigenfunctions are 

UM = C^J v{t) i^ff) • (2-14) 

The normalization integral with respect to the metric (3^(1(3 [5] can be evaluated 
explicitly [40], giving 

Qr = (3w /2 [-Ju(t)-i(x u{t) ^)J u{t)+1 (x u{t) ^)]~ 1/2 . (2.15) 

As usual for problems with SO (5) symmetry, each value of r yields a mul- 
tiplet of degenerate states of various angular momenta L, according to the 
SO(5) D SO(3) branching relations [16,35,41,42]. The angular momentum 
contents of the lowest SO (5) representations (r, 0) are summarized for conve- 
nience in Table 1. For r > 6, the same angular momentum can occur more 
than once within an SO (5) representation, and an additional multiplicity in- 
dex, here chosen as z>a [43], is needed to distinguish between angular wave 
functions with otherwise identical quantum numbers. The eigenstates of the 
E(5) Hamiltonian are fully specified by the angular quantum numbers (r, z>a, 
L, and Ml) together with the radial quantum number £ (£ = 1,2, . . .). The 
eigenstates may thus be denoted \^tv^LMl) or, more concisely, L^ T as in 
Ref. [13]. The levels, quantum numbers, and excitation energies obtained for 
the E(5) model are summarized in Fig. 1. 
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r=4 5.17 ■ 



r=2 2.20 



r=l 1.00 — 



r=0 0.00-^- 



6* 5+ 4+ 2 + 



r=3 3.59^ ^ £ SL. 



4+ 7+ 

6.78- — 



4.80^- 



3.03 — 



.£ r ^=2 



Fig. 1. Level scheme for the E(5) model, showing the excitation energies of the lowest 
r multiplets of the first two £ families. All energies are normalized to E{2 J [ 1 ). 



2.2 Classification of states 



Exactly solvable problems are usually characterized by the presence of 
dynamical symmetries {e.g., Refs. [2,44]). Therefore, an interesting question 
is the extent to which the square well problem is amenable to group theoretical 
treatment. 

We begin by recognizing that the Hamiltonian (2.1) can be written, within 
the well boundary {(5 < (3\y), as the five-dimensional free Hamiltonian 

H = ^n-n. (2.16) 

The five-dimensional rotation algebra SO (5), already discussed, has as its gen- 
erators the "five- dimensional angular momentum operators" A^-, ten in num- 
ber [6,45]. Here it is most useful to reexpress these in Racah (or spherical 
tensor) form, as 

AW = i>/2(a x if)W (2.17) 

where A = 1 and 3. The Casimir operator of SO (5) is C2[SO(5)] = 2A o A = 
2[A( 1 ) • AW + A^ 3 ) -A®], with eigenvalue 2r(r + 3), where an open dot indicates 
the SO(5) scalar product. The ordinary three-dimensional angular momentum 
operators L^, which generate SO(3), are 

L M = iy/W(a x tt)W = VEA.W. (2.18) 
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The SO (3) Casimir operator is simply C 2 [SO(3)] — 2L ■ L, with eigenvalue 
2L(L + 1). The algebras S0(5) and S0(3) can furthermore be embedded in the 
Euclidean algebra E(5). This is the (non-semisimple) algebra which generates 
translations and rotations in five dimensions. The generators, in spherical 
tensor form, are the five linear momentum components 7T M taken together with 
the ten angular momentum components The free Hamiltonian (2.16) is, 
naturally, invariant under both translations and rotations in five-dimensional 
space and is thus recognized as the Casimir operator 

C 2 [E(5)] = 7T • 7T. (2.19) 



A dynamical symmetry is a situation in which the Hamiltonian is con- 
structed from the Casimir operators of the algebras in a subalgebra chain [1, 
2,44]. The eigenvalues of the Casimir operators provide good quantum num- 
bers for the eigenstates. The algebras just described form the subalgebra chain 
E(5) D SO (5) D SO (3) D SO (2). The free Hamiltonian (2.16) describes a 
dynamical symmetry situation for this algebra chain, as H = C 2 [E(5)]. The 
square well Hamiltonian (2.1) therefore also describes a dynamical symmetry, 
provided that all operators are restricted to the bounded domain defined by 
< ftw- Note that Casimir operators of the subalgebras SO(5) and SO(3) 
can also be included in the Hamiltonian, as discussed in Sec. 2.5. The Bessel 
functions form bases for the representation of the Euclidean algebras, as dis- 
cussed in Ref. [46]. In the present five-dimensional case, the wave functions 
$(/3,7, -&) oc /3~ 3/2 J T+ 3/2(£ 1/2 f3)^ru A LM L (l,'&) are characterized by the E(5) 
quantum number (C 2 [E(5)]) = e. For the free problem e may vary continu- 
ously (e > 0). For the square well problem, the node condition at the boundary 
instead restricts e to discrete values (2.13). To summarize, the free or square 
well Hamiltonians are both dynamical symmetry situations, characterized by 
the subalgebra chain 

E(5)DSO(5) D SO(3)DSO(2)\ 
e (r,0) u A L M L /' [Z - ZU) 

and the eigenstates are members of representations with the quantum numbers 
indicated. 

However, some important practical differences should be noted between 
the present E(5) dynamical symmetry and others encountered in either ge- 
ometric [47] or algebraic [2, 3] problems. Many of the calculational simplici- 
ties usually associated with a dynamical symmetry arise from the presence of 
a spectrum generating algebra, which provides ladder operators allowing the 
various states in the model to be constructed from each other. For the gen- 
eralized oscillator potential (2.9) and generalized Coulomb potential (2.10), 
in any number of dimensions, the spectrum generating algebras are known. 
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Namely, in the present five- dimensional case, the algebras are Sp(10, R) or 
U(5, 1) for the oscillator potential [47, p. 290] and SO(6, 2) for the Coulomb 
potential [2, p. 184]. For the square well problem, the boundary condition 
makes construction of the ladder operators considerably more involved. The 
spectrum generating algebra for the square well has been explicitly constructed 
only in one dimension, where it is SU(1, 1) ~ SO(2, 1), in a quantum number 
dependent realization [48-50]. An explicit construction in more than one di- 
mension remains to be done. 

2.3 Electromagnetic transition strengths 

2. 3. 1 General properties 

Electromagnetic transition strengths play an essential role in establishing 
the extent to which the present description applies to nuclei near the phase 
transition. The various terms contributing to the electromagnetic transition 
operators transform as SO (5) tensors, and the E(5) eigenstates posess SO (5) 
tensor character as well. Consequently, the pattern of transitions between lev- 
els is determined by SO (5) selection rules. Typically, either the transition 
between two levels is forbidden for the leading order term in the transition 
operator but allowed for the next higher order term or vice versa. It is thus 
especially important in the present problem to consider terms beyond leading 
order in the transition operators. 

2.3.2 E2 transitions 

Let us first consider electric quadrupole (E2) transitions. The general E2 
operator may be expanded in terms of the coordinates a (2.2) as 



The operator with first and second order terms is analogous to the E2 operator 
commonly used in the IBM. Microscopic derivations within the context of the 
IBM [51] suggest that the contribution of the second order term is of the same 
order of magnitude as that of the first order term, as do phenomenological 
studies of actual nuclei [52]. Transition strengths are related to the reduced 
matrix elements by 



T (E2) =t 21 a + t 22 {a x a) i2) + ••• . 



(2.21) 



B{E2-irL^i'r'L') 



1 



(i'r'L'\\T^UrL)\ 



(2.22) 



2L + 1 
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and quadrupole moments by 
eQ^rL) -- 



16tt 



L(2L - 1) 



(2L + l)(L + l)(2L + 3) 



1/2 



<£tL||T^ 2 )||£tL>. (2.23) 



The explicit expression for the leading order term a in terms of Bohr 
variables is given in (2.2), while the second order term (a x a)^ is given by 



(a x a)f = ^/? 2 [-cos2 7 ^ 2 ) (^) + -L sm2 7 [^?(tf) + f^ 2 (tf)]]. (2.24) 



Each of these operators, a or (a x ct)^, factors into a radial part (/3 or /3 2 ) 
and an angular part (involving 7 and $). Its reduced matrix element between 
E(5) eigenstates is thus the product of a radial matrix element and an angular 
reduced matrix element. The radial matrix element 



Pw 



(2.25) 



is evaluated by numerical integration, using the wave functions from Eq. (2.14). 
[The radial wave functions obtained for different values of the well width 
f3w are related by a dilation in the radial coordinate (3, as seen from (2.14), 
and consequently radial matrix elements scale as Pw\ Once the angular wave 
functions ^ T u a lm l {i, 1?) are explicitly constructed as in Eq. (2.7), evaluation of 
the angular matrix elements is straightforward. For a general spherical tensor 
operator /^(7, 1?) =Z)k=o /« (7)0jLW> the reduced matrix element is [53] 



<^V A L'|I/ (A) (7^)II^ A L> 



-L[(2L + 1)(2A + 1)] 1 / 2 £ 

47F K',k,K 
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K> 



[1 + 6 K )(1 + S K ) 



1/2 



x 



{LK\k\L'K' 




-) x (LK\k\L'K') K>k 
{-) l {LK\k\L'K') K < k 



x 



/|sin37|rf7F;,- kL ^,(7)/ A ( 7 )F TI>ALX (7) 



(2.26) 



where we follow Racah's normalization convention [54] for the Wigner-Eckart 
theorem. For the transition operators considered here, the integrals only in- 
volve polynomials in trigonometric functions and may therefore be evaluated 
exactly. The resulting angular matrix elements are tabulated in Appendix C. 
Evaluation of the angular matrix elements can also be carried out using alge- 
braic methods [42]. 

The operator a is proportional to the angular wave function ^102(7, It 
thus transforms as a (1,0) tensor under SO(5) and can only connect states 
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Fig. 2. B(E2) strengths induced by the operator tzia, for the E(5) model. Tran- 
sitions obey the selection rule Ar = 1. All transition strengths are normalized rel- 
ative to B(E2;2f — > Of). For absolute values, strengths should be multiplied by 
(0.07453)4/%,. 



related by Ar = ±1. The transition strengths induced by a are shown in Fig. 2. 
All quadrupole moments vanish if only this leading-order contribution to the 
E2 operator is considered. 

The operator (a x a)^ is instead proportional to the angular wave function 
^202(7, It thus transforms as a (2,0) tensor under SO(5) and connects 
states related by Ar = or ±2. Consequently, it can yield nonzero quadrupole 
moments. The transition strengths induced by (a x a)^ are shown in Fig. 3, 
and the quadrupole moments are shown in Fig. 4. Note that the second order 
E2 operator in the E(5) model was also considered in Ref. [22], but a modified 
radial dependence oc 1/(1 + j3 2 ) was used for the transition operator in that 
work, so slightly different results are obtained. 

The operators a and (a x a)^ contribute to entirely distinct sets of transi- 
tions due to the selection rules in the E(5) problem. Consequently, interference 
between them never occurs. The parameter t 2 i determines the overall normal- 
ization of all Ar = ±1 transition strengths. Predictions for all strength ratios 
of Ar = ±1 transitions are parameter independent within the E(5) model. 
Similarly, £22 determines the overall normalization of all Ar = or ±2 tran- 
sition strengths and the quadrupole moments. The predictions are discussed 
further in Sec. 2.4. 
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0+ 1— 

* FT 



Fig. 3. B(E2) strengths induced by the operator £22 x o)^ 2 \ for the E(5) model: 
(a) transitions with At = and (b) transitions with At = ±2. All transition 
strengths are normalized relative to B(E2; 2^ — ► 0^). For absolute values, strengths 
should be multiplied by (0.009754)4^. 



2.3.3 Ml transitions 

Magnetic dipole transitions arise from differences between the proton and 
neutron contributions to collective motion. They are therefore most naturally 
treated in a model which distinguishes proton and neutron degrees of free- 
dom [51,55]. However, within the Bohr picture, an effective Ml operator may 
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1.43 -0.31 



"XT' 6+ ^^ 5+ ^7^ 4 X^" 



2 + - 



0.86 



6+ ^7^ 4+ ^7^ 3+ "X7- 0+ ' 



o + - 



f=2 



1 

+ 

" FT 



Fig. 4. Quadrupole moments induced by the operator £22 (a x a)*- 2 -*, for the E(5) 
model. All moments are normalized relative to Q(2f). For absolute values, moments 
should be multiplied by (0.2124)t 22 /^. 



be expressed in terms of a and n as [6, 56] 

T( M1 ) = t w [i(a x 7f)«] + i n [« x i(a x tt)^ 1 ) + • • • 



(2.27) 



This is closely analogous to the effective Ml operator used in the IBM [3]. 
Transition strengths are given by 



B{Ml-irL^i'r'L') 
and magnetic dipole moments by 



1 



2L+ 1 



(£t>L>\\T^UtL) 2 , (2.28) 




(2L + 1)(L + 1) 



1/2 



(£tL\\T^UtL). 



(2.29) 



Since the leading order term in T^ M1 ^ is simply proportional to the col- 
lective angular momentum operator L, it is diagonal in the eigenfunctions 
and cannot induce transitions. It yields magnetic moments which depend only 
upon L, 

Ij.{£tL) = y —t l0 L = g B L, (2.30) 

where g% = (47r/3) 1 / 2 ti , as usual in the collective picture. However, the higher 
order Ml operator [a x L]^ does yield nonvanishing transitions. The matrix 
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Fig. 5. B(Ml) strengths induced by the operator in [a x (a x ir for the 

E(5) model. Transitions obey the selection rule At = 1. All transition strengths are 
normalized relative to -B(M1;2^~ — ► 2^). For absolute values, strengths should be 
multiplied by (0.02620)^/3^. 

elements follow from those already calculated above for a according to the 
Racah reduction formula [54], giving 

(?T'L'\\(axL)UUTL) 

]=[{L -L' + 2)(-L + L' + 2)(L + L'- 1)(L + U + 3)] 1 / 2 



40 

x (Cr'L'WaUrL). (2.31) 

The operator follows the same At = ±1 selection rule as a (but with the more 
restrictive angular momentum selection rule appropriate to a dipole operator). 
The resulting transition strengths are shown in Fig. 5. 



2.3.4 E0 transitions 

The collective electric monopole operator is of the form 



= t 00 (a x a0 (o) + • • • 



1 02 , (2-32) 



14 



Table 2 

Selected p 2 (EO) strengths for the E(5) model. All p 2 (E0) strengths are normalized 
relative to p(E0;0^ =2 — ► 0^). For absolute values, strengths should be multiplied 
by (0.006343)4/^/(ei? 2 ) 2 . 
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J' p 2 (E0;J^J') 
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1.0000 
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2 0.9234 
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2 0.8426 
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4 


i 


2 


4 0.8426 



Transition strengths are usually quoted as squared p(E0) values, defined 
by [57] 

(eR W irL -+ WL) = ^(WLnrL) ^ 

= {i'r'LL\T^\irLL), 

where R is the nuclear radius. The leading order operator f3 2 consists only of 
a radial factor, so evaluation of the matrix elements involves only the radial 
integral (2.25). Transitions occur only between states with identical angular 
quantum numbers. Selected transition strengths are listed in Table 2. 



2.4 Comparison with experimental data 



Since SO (5) symmetry is present throughout the transition between spher- 
ical and deformed 7-soft structure, comparison of the E(5) predictions with 
experimental data is not simple. Many of the gross spectroscopic features, 
including the level multiplet structure and electromagnetic branching ratios, 
follow from the SO (5) symmetry and therefore persist throughout the transi- 
tion. In this section, we therefore consider the distinguishing observables which 
do vary along the U(5)-SO(6) transition. 

The most fundamental energy ratios from a spectroscopic viewpoint are 

E(A+ 2 )/E(2f A ) = E(2+ 2 )/E(2+ 1 ) = 2.20 (2.34) 

and 

E(0t fi )/E(2f A ) = 3.03. (2.35) 

These place the yrast E(A + )/E(2 + ) ratio intermediate between the U(5) value 
of 2 and the SO(6) value of 2.5. They also provide an estimate for the excitation 
energy of the first radial (£) excitation. The B(E2) strength ratios involving 
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Fig. 6. Yrast (a) energies and (b) B{E2) strengths as functions of angular momen- 
tum in the E(5) model. The experimental data for 132 Xe (O) and 134 Ba (□) [58, 59] 
are indicated for comparison, as are the predictions for the U(5) and SO(6) dy- 
namical symmetries in the large boson number limit (dashed curves). Energies are 
normalized to E(2f) and B(E2) strengths to B(E2; 2f -► 0+). 



these same levels are 

B(E2; 4+ 



and 



B(E2;0 



2,0 



2+0 _B(E2; 2+^2^ 



B(E2;2+ 1 ^0+ ) B(E2; 2+ - 0+ ) 



5(^25 2+^0+0) 



0.68. 



1.68 



(2.36) 



(2.37) 



The properties of the yrast states as a function of angular momentum 
are also among the most relevant observables. They vary continuously along 
the U(5)-SO(6) transition, and they are among the most feasible observables 
to measure. The yrast excitation energy ratios E(L + )/E(2f 1 ) are shown in 
Fig. 6(a). The yrast B(E2) ratios B[E2; L+ -> (L - 2) + ]/B(E2; 2+ ;1 -> 0f fi ) 
are shown in Fig. 6(b). Casten and Zamfir [21] have suggested that 134 Ba is 
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well described by the E(5) predictions. The measured yrast observables for 
134 Ba and 132 Xe, as well as the predictions for the U(5) and SO (6) limits of 
the transition, are shown for comparison in Fig. 6. 

A distinguishing feature of the evolution along the transition from spher- 
ical to deformed structure is the increase in energy of the radial excitation, 
specifically the + head of the excited family of levels. For the U(5) limit, 
E(0+)/E(2f) = 2. The E(5) prediction is E(0+)/E(2f) = 3.03, as noted 
above. The prediction for true "rigidly" /3-deformed, 7-soft structure would be 
E(0 + )/ E(2f) — > 00. For more realistic situations, the result is dependent upon 
the stiffness of the potential [14] in the geometric picture or upon the SO(6) 
Hamiltonian coefficients (and boson number) in the algebraic picture [42]. 
There is thus no firm limiting SO (6) value for this ratio from theory alone. 
Rather, the limit must be considered empirically, suggesting E(0 + )/E(2i) w4. 

An important consideration in experimental determination of the proper- 
ties of the radial excitation is the need to distinguish between the 0^ state 
(radial or £ excitation) and the 0^ 3 state (member of the r = 3 multiplet 
of the ground state family) which may lie nearby in energy [25]. In many of 
the nuclei of experimental interest, the situation is further complicated by the 
presence of intruder configurations [25]. 

Several nuclei, including various Ru, Pd, and Ba isotopes, have been con- 
sidered as candidates for description by the E(5) model. Detailed comparisons 
between theory and experiment may be found in Refs. [21-23,25,26]. It has 
been suggested that E(5) structure may also be present in light nuclei [29]. 

2.5 Generalizations of the E(5) description 

A simple solution such as that described so far can provide a qualitative 
description of structure near the critical point of the U(5)-SO(6) transition, 
but it is naturally limited as a model for detailed description. Here we sum- 
marize generalizations of the E(5) description addressing some of the most 
significant physical issues. 

Empirically, it is found that SO (5) level multiplets are often significantly 
split in energy, but in a fashion which depends monotonically upon the angular 
momentum. The splitting can be reproduced trivially by the introduction of 
a term proportional to C 2 [SO(3)] in the Hamiltonian, which leaves the wave 
functions unchanged and perturbs the energies as L(L + 1). This is the usual 
dynamical symmetry approach, in which the Hamiltonian is simply written as 
a sum of Casimir operators of a chain of subalgebras (see Sec. 2.2), which for 
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Fig. 7. Level scheme for the for the E(5) model with angular momentum degeneracy 
breaking term k'L ■ L, for k' = 1/2. All energies are normalized to E(2f). 

chain (2.20) gives 

H = C 2 [E(5)] + c"C 2 [SO(5)] + c'C 2 [SO(3)], (2.38) 

or, explicitly in terms of the linear and angular momentum operators, 

H = tT • tT + V{(3) + k"k o A + k'L ■ L. (2.39) 

An example level scheme is shown in Fig. 7. The evolution of energies with 
respect to the splitting parameter k' is shown in Fig. 8. Transition strengths 
are unaffected by the additional terms. 

Much more general interactions can be introduced while still retaining 
an exactly solvable radial problem, and these are valuable to consider since 
they provide flexibility in the treatment of physical interactions. Any term 
proportional to to 1//3 2 can be absorbed into the separaton constant, and f3 
dependences of the form (2.9) or (2.10) can also be accomodated, so there is 
considerable freedom to include terms Ao A/ (3 2 , L ■ Lj (3 2 , (AoA)(3 2 , (L ■ L)(3 2 , 
etc. For illustration, we consider 

H = n-n + V(p)+k'^-^. (2.40) 

In this case, C2[E(5)] = 7r ■ tt no longer commutes with H, since 1//3 2 is not 
translationally invariant. Therefore, the eigenstates of H are not eigenstates of 
C 2 [E(5)], and the label e of the chain (2.20) no longer applies. Proper labeling 
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requires the introduction of the SO(2, 1) algebra for the radial problem [47]. 
In the separation of variables, the contribution of the additional angular mo- 
mentum dependent term is absorbed into the separation constant A in (2.6), 
so 

A = r (r + 3) + k'L(L + 1). (2.41) 

The eigenvalues and eigenfunctions are again given by Eqs. (2.13) and (2.14), 
but the order of the Bessel functions is now determined by the separation 
constant A as given above, so i/(r, L) = [r(r + 3) + k'L(L + 1) + 9/4] 1 / 2 . The 
evolution of observables with respect to the degeneracy breaking parameter 
k' is shown in Fig. 9. The evolution of the energy splittings [Fig. 9(a)] differs 
little in its qualitative features from that obtained for the simpler degeneracy 
breaking term k L ■ L (Fig. 9), although a different numerical value of the 
parameter k' is needed to achieve the same magnitude effect in the two cases 
(note the different horizontal scales of Figs. 8 and 9). The electromagnetic 
observables are only weakly dependent upon the splitting interaction strength 
[Fig. 8(b)]. 

More fundamental limitations in the use of the E(5) Hamiltonian for real- 
istic phenomenological analysis arise from the extreme nature of the infinite 
square well potential. The infinite depth per se is not a significant concern. 
Even for finite well depth, the tails of the radial wave functions outside the 
well wall are generally so suppressed that the actual depth does not matter in 
detail [60] . However, the infinite rigidity of the wall (infinite slope) introduces 
directly observable artifacts into the spectroscopic predictions. Most notably, 
the much greater energy spacing scale between levels in the £ = 2 family than 
in the £ = 1 family (Fig. 1) arises from the infinite slope of the wall and disap- 
pears for soft potentials. The detailed mechanism is discussed in Refs. [53, 61]. 
Comparisons of the E(5) results with those for potentials involving various 
polynomial dependences upon (5 are given in Refs. [24,27,28,62]. 



3 Transitional Bose-Fermi symmetry 

3.1 Hamiltonian and solution 

In the previous section, we have presented an analytic solution for the 
Bohr Hamiltonian which can be used in the description of even-even nuclei 
near the critical point of the spherical to 7-unstable transition. In this sec- 
tion, we construct an analytic solution for the Bohr Hamiltonian with coupling 
to an additional fermion. The study of dynamical symmetries of the coupled 
odd-mass system is much more involved than for the core alone [18]. The dy- 
namical symmetries, called Bose-Fermi symmetries, can be constructed only 
in special circumstances. In the geometric formulation considered here, the 
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fermion must be confined to one or more degenerate orbitals with suitable 
angular momenta. Namely, these orbitals must transform as a spinor repre- 
sentation of Spin(5) (e.g., j = 3/2 [19]) or as a tensor representation coupled 
to a spin in a pseudospin scheme (e.g., j = 3/2 and 5/2, obtained as 2 ® 1/2). 
Furthermore, the core-fermion interaction must be of a special form, such that 
it can be written in terms of Casimir operators of the combined algebra of col- 
lective and single particle degrees of freedom. Analytic solutions can then be 
constructed using a method similar to that of the algebraic IBFM [18], but 
translated into a differential framework. 

To treat the coupled system, we start from the generic Hamiltonian 

H = H B + H F + V BF . (3.1) 

The term H B is the Bohr Hamiltonian of Sec. 2, describing the core in isola- 
tion. We again restrict our attention to the case of a 7-independent potential, 
and to the square well in particular for transitional nuclei. The Hamiltonian 
Hp is that of the single particle in a mean field, with eigenstates \nijrrij) and 
eigenvalues which are simply the single particle energies e n ^ m . . For a set of de- 
generate orbitals, this Hp is simply a constant and can henceforth be omitted. 
The interaction V BF introduces couplings between the collective coordinates 
and the single particle degrees of freedom. 

Here we consider the case of a single particle with j = 3/2, coupled to 
the nuclear quadrupole collective motion (rotations and vibrations of a liquid 
drop). The essential property which makes a solution possible is that a par- 
ticle with j = 3/2 and components rrij = — 3/2, . . . , +3/2 transforms as the 
representation [1,0] of Sp(4) [63,64]. However, Sp(4) is isomorphic to SO(5), 
providing a relationship between the transformation properties of the fermion 
and of the 7-soft core. 

Specifically, a particle with j = 3/2 is described by the subalgebra chain 

U(4) D SU(4) D Sp(4) D SU(2) D Spin(2) 
[1,0,0,0] [1,0,0] [1,0] [3] rrij 

with the quantum numbers indicated. Making use of the isomorphisms 
SU(4) « SO(6), Sp(4) « SO(5), and SU(2) « SO(3), the particle can instead be 
characterized by its transformation properties under the angular momentum 
algebras SO(n) (n = 6, 5, 3, and 2), 

U(4) D Spin(6) D Spin(5) D Spin(3) D Spin(2) 
[1,0,0,0] (\,\,\) (\,\) § 

where the notation Spin(n) is used for SO(ra) when spinor representations 
are involved [2]. To clarify the common five-dimensional angular momentum 
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structure for the core and fermion, we explicitly note the Spin(5) generators. 
The five-dimensional angular momentum operators for the core [Spin B (5) = 
SO(5)] are, from Sec. 2.2, A« = iy/2(a x n)^ and kf =i^2(a x 7r)Jf). The 
five-dimensional angular momentum operators for the fermion [Spin F (5) = 
Sp(4)] are, from Appendix A, Ej) = -{aft x a)W and E{f) = +{aft x a)jf\ 
where aft and a are the fermion creation and annihilation operators. A total 
five-dimensional angular momentum algebra Spin BF (5) is constructed from 
the sum generators Abf = A + E. The operators A, E, and Abf all transform 
1,1) tensors under Spin BF (5). 



as 



The E(5|4) description, proposed in Ref. [20], is obtained by taking the 
core-fermion interaction to be of a special form, the five- dimensional analogue 
of a spin-orbit interaction. The interaction is given by the Spin(5) scalar prod- 
uct of the five-dimensional angular momenta, 



Aos = aW-ew + a (3) -s (3) . 



(3.4) 



The Hamiltonian for the coupled system is then 



H = 



2B 



p 4 df dp [3 2 \ sin 3 7 <9 7 Sm 7 a 7 



L 



12 



sin 2 (7 — §7ivc) 



+ V(/3) + 2kg((3)h o E, (3.5) 



where we shall again set h 2 /(2B) = 1. The physical interpretation of the five- 
dimensional spin-orbit interaction is discussed further in Appendix A. 

The eigenproblem for the Hamiltonian (3.5) is separable into a radial and 
an angular part, as in Eqs. (2.5) and (2.6), provided g(f3) = 1 or l/(3 2 . The 
interaction may be evaluated in terms of the Casimir operators (A. 3) of the 
total, core, and fermion five- dimensional angular momentum algebras as 



2A o S = A BJ? o A BJ7 - A o A - S o S 

= i[C 2 [Spin BF (5)] - C 2 [Spin B (5)] - C 2 [Spin F (5)] 



(3.6) 



The choice g{(3) = 1 yields a Bose- Fermi dynamical symmetry in the usual 



sense, since 



k 



H = C 2 [E(5)] + -[C 2 [Spin BF (5)] - C 2 [Spin B (5)] - C 2 [Spin F (5)] 



(3.7) 



The interaction A o E enforces a five-dimensional angular momentum coupling 
scheme in which the states have both good SO (5) angular momentum and good 
total Spin BF (5) angular momentum. The coupling of the core representation 
(r, 0) and the fermion representation (|, |) gives two representations (ti, |) 



22 



with n —t ± 1/2 for the total system, since 



( T ,0)®(i,i) = (r + i,i)©(T-i,i). 
The dynamical symmetry is characterized by the subalgebra chain 



(3.8) 



E(5)<8>U(4)DSpin B (5)®Spin F (5)DSpin Bir (5) D Spin i?F (3) DSpin BF (2) 1 



[i] M) (i |) (n,i) 



J 



Mi 



(3-9) 

and the eigenstates are members of representations with the quantum numbers 
indicated. Alternatively, the choice g(/3) = l/f3 2 was considered in Ref. [20]. 
In this case, an analytic solution is still possible, much as for the generalized 
degeneracy breaking interactions considered in Sec. 2.5. However, the states 
are not eigenstates of C2[E(5)] and therefore are no longer labeled by the 
quantum number e of E(5) ® U(4) in (3.9), much as discussed in Sec. 2.5 for 
the E(5) case. 

The angular states are obtained by the Spin (5) tensor coupling of core 
states \tv/\LMl) = \^ T v a lm l {.1, "&)) with single particle states [§?■%), accord- 
ing to the Spin(5) D Spin(3) isoscalar factors [18,65-67]. The coupled state 



is 



WnJMj) 





\TLM L )\lmj), 
(3.10) 

where multiplicity indices have been suppressed for simplicity. The calculation 
of the necessary isoscalar factors is discussed further in Appendix B. 

If the choice g(f3) = 1 is made for the core-fermion coupling in (3.5), the 
radial equation and its solutions are exactly as in Sec. 2.1. The energies, how- 
ever, include an additional contribution 2fc(A o E) from the five dimensional 
spin orbit interaction, where (A o E) is the eigenvalue of A o E acting on the 
angular state (3.10). The Spin(5) eigenvalue formula (A. 4) gives 



2(AoE) 




(3.11) 



If instead the choice g(f3) = l/[3 2 is made, the contribution of the core-fermion 
coupling term is absorbed into the separation constant A in the radial equa- 
tion (2.6), as 



A = r(r + 3) + 2k(A o E) 

= r(r + 3) + fcfn(ri + 3) - r(r + 3) 



(3.12) 
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Table 3 

Angular momentum contents of the representations (t\, 5) of Spin(5), for T\ < 7/2. 



Tl 


J 


1/2 


3/2 


3/2 


7/2 5/2 1/2 


5/2 


11/2 9/2 7/2 5/2 3/2 


7/2 


15/2 13/2 11/2 9/2 9/2 7/2 5/2 3/2 



The eigenvalues and eigenfunctions are given, as in the even-even case, by 
Eqs. (2.13) and (2.14), but now the order i/(n, r) = (A + 9/4) 1/2 of the Bessel 
functions is determined by the separation constant as given in (3.21). It there- 
fore depends upon the strength k of the core-fermion coupling. 

In practice, introduction of the 1//9 2 dependence does not produce major 
qualitative changes in the predictions for observables (see Sec. 2.5). Therefore, 
for the remainder of this article, we shall restrict our attention to the simpler, 
/^-independent core-fermion coupling 2/cAoS. This choice allows the algebraic 
classification scheme (3.9) to be retained. 

The eigenstates of the E(5|4) Hamiltonian are specified by the angular 
quantum numbers (t±, t, L, and M L ) together with the radial quantum num- 
ber £ (£ = 1,2, . . .). Each value of T\ yields a multiplet of degenerate states 
of various angular momenta, according to the Spin (5) D Spin (3) branching 
rules [66]. The angular momentum contents of the lowest Spin(5) representa- 
tions (ti, 1/2) are summarized for convenience in Table 3. For T\ > 7/2 the 
same angular momentum can occur more than once within a Spin (5) represen- 
tation, and so a multiplicity index i)' A is required. The eigenstates may thus 
be denoted ^txtv'^LMl) . 

The addition of the core-fermion coupling degree of freedom implies that 
there are two fundamental types of excitation in the E(5|4) system: radial 
excitations, involving changes in the radial quantum number £, and five- 
dimensional spin- flip excitations, involving the transition between T\ = r + 1/2 
states and t± — r — 1/2 states. (Note that the spin-flip excitations were not 
addressed in Ref. [20].) The excitation spectrum for the E(5|4) model (with 
k = —1/2) is shown in Fig. 10. A concise composite notation for the two types 
of excitations is obtained by attaching a ± sign to the £ label to indicate 
Ti — t ± 1/2, as suggested in Ref. [32]. That is, the families of levels desig- 
nated £ = 1 + , 2 + , . . . have aligned Spin(5) coupling (t 1 — t+ 1/2), while those 
designated £ = 1_, 2_, . . . have anti-aligned Spin(5) coupling (ti—t— 1/2). 

The evolution of level energies which occurs with changing core-fermion 
interaction strength k is summarized in Fig. 11. The coupling strength strongly 
affects the energies of the excited (£ = 1_ and £ = 2 + ) families, as discussed 
further in Sec. 3.3. The value k = —1/2 will be used as a representative value 
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Fig. 10. Level scheme for the E(5|4) model for k = —1/2, showing the excitation 
energies of the lowest t\ multiplets of the ground state, spin-flip excited (£ = 1_), 
and first radially excited = 2 + ) families of levels. All energies are normalized to 
E(7/2f). The £ = 1_ family of levels was not included in the corresponding figure 
of Ref. [20]. 
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Fig. 11. Evolution of energies as functions of the coupling parameter k, for the 
E(5|4) model. Energies are shown for the yrast 7/2 + , ll/2 + , and 15/2 + levels (solid 
curves), the £ = 1_ family head 3/2^ =1 (dashed curve), and the £ = 2 + family head 
3/2^ =2+ (dotted curve). Energies are normalized to E(7 /2\). 

for the remainder of this article, since it yields reasonable excitation energies 
for use in phenomenological interpretation, e.g., of Ba nuclei. Electromagnetic 
transition strengths are independent of the coupling strength. 
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Table 4 

The Spin(5) D Spin(3) tensor transformation properties of core and fermionic op- 
erators. A compound superscript notation such as (a x a)( 2,4 ) indicates that the 
Spin(3) tensor products with both angular momenta transform together as a single 
tensor under Spin(5). 



Core 


Fermionic 


Spin(5) 


Spin(3) 


(q x q)(°) 


(at x o)(°) 


(0,0) 





a, tt 


(at x a)( 2 ) 


(1,0) 


2 


(a x a)( 2 < 4 ) 




(2,0) 


2,4 


Aoc (a x Tf)^' 3 )" 


t oc (at x a)^ b 


(1,1) 


1,3 




at, a 


V2' 2/ 


3 
2 



a The operator L is proportional to the component A^ 1 ) of this tensor. 
fe The operator j is proportional to the component X^ 1 ) of this tensor. 

3.2 Electromagnetic transition strengths 

3. 2. 1 General properties 

For the coupled odd-mass system, both collective (core) and fermionic con- 
tributions are present in the electromagnetic transition strengths. The transi- 
tion operators of Sec. 2.3 must be extended to contain fermionic terms, so 

T = T B + T F , (3.13) 

where Tb acts only on the core and Tp acts only on the fermion. The Spin(5) 
and, of course, Spin(3) tensor properties of the operators play an important 
role in defining selection rules. Selection rules on the quantum numers of both 
the core (r and L) and the coupled system (ti and J) determine the overall 
pattern of allowed transitions. The tensor properties of the relevant operators 
are summarized in Table 4. 

The problem of computing transition strengths for the coupled E(5|4) 
system can be simplified to that of calculating core matrix elements and 
fermionic matrix elements separately. First, the Spin BF (5)-coupled states de- 
fined in (3.10) must be decomposed in terms of states coupled at the Spin Bi? (3) 
level, using the Spin(5) D Spin(3) isoscalar factors. Then the usual Racah re- 
duction formulas [54] for angular-momentum coupled systems apply. For a 
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core operator of multipolarity A, this yields 



L'L 



V 



X (_)^+^+A+3/2 (2J / + 1)1/2( 2 J+ 1)V2 



1) 






J' 


L' J' 11 


J 


L A j 



M) (n,i)" 



J 



(eVL'||T( A) ||erL). (3.14) 



Here the core matrix element {^'t'L'\\T^\\^t) is calculated as in Sec. 2.3, 
though now the Bessel function orders and eigenvalues appearing in the radial 
integral (2.25) are the E(5|4) values from (3.21). Similarly, for a single particle 
operator of multipolarity A, 

(er'r[J'\\T^Urr 1 J) = Y / ( {r, r ° ) ^ 



x 



; _ ) L+J' + A+3/2 (2J / + 1) l/2 (2J+1) l 



3 
2 

n\ 



J 1 



M) (r x ,\) 



J 



Ji'^}^v(|||4 A) |||). (3.15) 



The fermionic matrix element is given by (|||(a^ x 5)^||§) 



-(2A+ 1) 



1/2 



The angular matrix elements for the various transition operators are com- 
mon to all problems involving the coupling of a 7-soft core to a j = 3/2 fermion 
in the Spin(5) coupling scheme. These generic angular matrix elements are 
tabulated for reference in Appendix D. Only the radial matrix elements de- 
pend upon the specific choice of core potential (the square well in this case) 
or possible f3 dependence of the core-fermion coupling. 



3.2.2 E2 transitions 

Incorporating the leading fermionic contribution into the E2 opera- 
tor (2.21) gives 

T {m) = t 2l a + t 22 (a x a) (2) + 4(a f x a) (2) . (3.16) 

The leading order collective term a is a (1,0) tensor operator with respect 
both to SO (5), as already noted, and to Spin BF (5). The former property leads 
to the selection rule Ar = ±1, the latter to the selection rule Ati = or 
±1 [65, 66]. The Ar = 1, Ati = ±1 transitions connect states in successive T\ 
multiplets of the same family of states (e.g., producing transitions within the 
£ = 1_ or£ = l + families). The Ar = 1, Ari = transitions instead connect 
states of a given r x multiplet in one family with those in the corresponding T\ 
multiplet of the spin-flip excited family (e.g., connecting the £ = 1_ and £ = 1 + 
families). Intra- multiplet transitions and quadrupole moments are forbidden 
for the leading-order collective transition operator, as in the even-even case. 
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Fig. 12. B(E2) strengths induced by the operator *2ia, for the E(5|4) model. Tran- 
sitions obey the selection rules At = ±1 and At\ = or ±1. All transition strengths 
are normalized relative to B(E2;7/2f — ► 3/2^). For absolute values, strengths 
should be multiplied by (0.07453)^/?^. 

Table 5 

Selected B(E2) and J3(M1) values for transitions involving interference between 
core and fermionic contributions, for the E(5|4) model. 



s 




J 


£' 


-1 


J 


S(B2) 


S(M1) 


! + 
1 + 
1_ 
1_ 
1_ 


3/2 
3/2 
1/2 
1/2 
1/2 


7/2 
5/2 
3/2 
3/2 
3/2 


1 + 
1+ 
! + 
1 + 
!+ 


3/2 
3/2 
3/2 
3/2 
3/2 


5/2 
1/2 
7/2 
5/2 
1/2 


[(-0.072)t 22 /3 2 + (-0.717)4 2 ] 2 
[(+0.040)t 22 /3w + (-0.592)t 22 ] 2 
[(+0.042)t 22 /3<L + (-0.632)t 22 ] 2 
[(+0.092)t 22 /3|, + (+0.548)t 22 ] 2 
[(-0.074)t 22l 3^ 4- (+0.316)t 22 ] 2 


[(-0.293)tio + (-0.414)i' 12 ] 2 

[(+0.4B8)ti + (+0.648)t' 12 ] 2 
[(-0.387)tio + (-0.548)t' 12 ] 2 



The transition strengths resulting from the leading order operator are shown 
in Fig. 12. 

The second-order collective quadrupole operator (a x a)^ induces Ar = 
(Ati = or ±1) transitions, as shown in Fig. 13(a), and yields nonvanishing 
quadrupole moments, shown in Fig. 14. The operator also induces Ar = ±2 
(Ati = ±1 or ±2) transitions, shown in Fig. 13(b). The fermionic quadrupole 
operator (a) x a)^ likewise contributes to Ar = (Ati = or ±1) transi- 
tions and to the quadrupole moments. Any analysis of transition strengths 
must therefore address the interference between these terms. The combined 
strengths for the most experimentally relevant transitions are given in Table 5, 
and the combined quadrupole moments are given in Table 6. 
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Fig. 13. B(E2) strengths induced by the operator £22(0 x a)( 2 \ for the E(5|4) 
model: (a) transitions with At = (and At\ = or ±1) and (b) transitions with 
At = ±2 (and At± = ±1 or ±2). All transition strengths are normalized relative to 
B(E2; 7/2^ — > 5/2+). For absolute values, transition strengths should be multiplied 
by (0.005194)4/4. 



3.2.3 Ml transitions 

The magnetic dipole operator (2.27) with fermionic contribution is 

T< M1 ) = t w [i(a x 7f)W] + t u [a x i(a x 7f)«]« + ^(a 1 x a)« 
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Fig. 14. Quadrupole moments induced by the operator £22(0 x ot)^ 2 \ for the E(5|4) 
model. All moments are normalized relative to Q(7/2+). For absolute values, mo- 
ments should be multiplied by (0.2124)t22/?^- 

Table 6 

Selected Q and jx values, including both core and fermionic contributions, for the 
E(5|4) model. 





T\ 


J 


Q(J) 


M (J) 


1+ 


1/2 


3/2 


(-1.585)^2 


(-1.373)^2 


1+ 


3/2 


7/2 


(+0.212)i 2 2^+(-1.585)t 22 


(+1.294)t 10 +(-1.373)t' 12 


1+ 


3/2 


5/2 


(+0.076)t 22/ S^+(+0.226)f 22 


(+1.017)ti +(-0.850)t' 12 


1+ 


3/2 


1/2 




(+0.647)ti +(+0.458)t' 12 


1_ 


1/2 


3/2 


(+0.951)t 22 


(+0.777)ti +(-0.275)t' 12 


2+ 


1/2 


3/2 


(-1.585)t 22 


(-1.373)4 



The leading collective term is proportional to the collective angular momentum 
operator L, and, similarly, the fermionic term is proportional to the single 
particle angular momentum operator j. 

Though L is a diagonal operator for the even-even system in isolation 
(Sec 2.3), it is no longer diagonal for the coupled odd-mass system. It can 
connect any two states which share amplitudes for the same core wave function 
\£tL). Transitions induced by L obey the selection rules At = and Ati = 
or ±1. The transition strengths and dipole moments arising from this leading 
collective term are shown in Fig. 15. 

The fermionic term j induces transitions and dipole moments obeying the 



1 " 2+ T7 r " 2+ T7 r7/2+ TT 5,2+ T7 r3,2+ T^ 
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Fig. 15. (a) £?(M1) strengths and (b) dipole moments induced by the oper- 
ator t\oi(a x vr)^), for the E(5|4) model. Transitions obey the selection rule 
At = and At\ = or ±1. All transition strengths are normalized relative to 
B(Ml;7/2f — ► 5/2+) and moments relative to /i(7/2+). For absolute values, tran- 
sition strengths should be multiplied by (0.08571)if and moments by (1.294)i 10 . 



same selection rules as L, so, in general, interference of the two operators is 
present. The combination J = L + j is the total angular momentum operator 
of the coupled system, which is diagonal and has reduced matrix element 
[J(J + 1)(2 J + l)] 1 / 2 . The matrix elements of the two operators L and j are 
therefore closely related. In particular, for all off-diagonal matrix elements 
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(dipole transitions), t't{ J' ||L|| £tti J) = -(£Vt{ J'||3'||£tti J). Consequently, 
although interference of the core and fermionic contributions to T^ M1 ) affects 
the overall normalization of the At = dipole transition strengths, which 
are proportional to (t 10 + \^2t' 12 ) 2 , it does not affect the relative strengths of 
different transitions (Table 5). For diagonal matrix elements (dipole moments), 
interference affects the values in a less trivial fashion (Table 6). 

The higher-order collective term (a x L)^ in the dipole operator yields 
transitions obeying the selection rule At = ±1. The most experimentally 
accessible At = ±1 transitions are those between the various low-lying T\ = 3/2 
and T\ = 1/2 states. However, the matrix elements of (a x L)^ between these 
low-lying states all vanish, as a result of the vanishing 2 + <-> + core transitions 
seen in Fig. 5. This limits the phenomenological relevance of the higher-order 
transition operator. Transition strengths can be calculated if needed from the 
angular matrix elements in Table D.5. 

3.3 Comparison with experimental data 

A comparison of the E(5|4) description with experimental data for odd- 
mass nuclei is more difficult than the comparison of the E(5) description with 
even-even nuclei, because the occurence of other single particle orbitals near 
the j = 3/2 orbital can considerably perturb the spectrum and electromagnetic 
transition strengths. Much as SO (5) symmetry dictates the multiplet structure 
and branching patterns for the E(5) predictions (Sec. 2.4), the basic form of 
the E(5|4) predictions is a consequence of the Spin(5) coupling scheme, rather 
than of the E(5|4) square well potential per se. Therefore, we concentrate 
here upon those distinguishing observables which vary along the U(5)-SO(6) 
transition. 

However, the Spin(5) coupling scheme is itself an important aspect of the 
model to test. In the IBFM, the U(5) symmetry limit is treated in the Spin(5) 
coupling scheme, but the SO(6) limit is instead treated in a Spin(6) cou- 
pling scheme [66]. While the Spin(5) coupled states considered in the present 
work are r eigenstates, the Spin(6) coupled states are near-equal t — t\ ± 1/2 
admixtures. The leading order E2 operator (At = ±1) therefore yields nonva- 
nishing matrix elements between members of a T\ multiplet (see, e.g., Fig. 5 of 
Ref. [66]), by connecting the t — T\ ± 1/2 components of the different states. 

The observables most sensitive to the U(5)-SO(6) structural transition 
are the yrast properties and the energies and decay properties of the spin- 
flip (£ = 1_) and radial (£ = 2+) excitations. The yrast energies and B(E2) 
strengths are shown in Fig. 16. Note that there is a moderate dependence 
of the yrast energies [Fig. 16(a)] upon the core-fermion coupling strength k. 
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Fig. 16. (a) Energies and (b) B(E2) strengths as functions of angular momentum, 
for the yrast states (£ = 1, n = r + 1/2, J = 2-q + 1/2) in the E(5|4) model. 
Energies are normalized to E(3/2f) and B{E2) strengths to B(E2; 7/2^ -> 3/2^). 
The energies depend upon the coupling constant A; and are shown here for k = —2, 
— 1, 0, +1, and +2 (solid curves, uppermost to lowermost). Values for the U(5) 
and SO(6) dynamical symmetries in the large boson number limit are shown for 
comparison (dashed curves). 



Since 2(A o E) = r for the ground state family, a positive contribution from 
this term (k > 0) produces a more linear [U (5) -like] yrast energy curve. The 
spin-flip excitation energy is, naturally, strongly dependent upon the strength 
of the five-dimensional spin-orbit interaction (Fig. 11). The spin-flip excitation 
varies from near degeneracy with the ground state to near degeneracy with 
the Ti = 5/2 multiplet over the range of k values considered (—2 < k < +2). 
It therefore serves as the main basis for determining the coupling strength k 
within the model. For k — 0, the weak-coupling limit is recovered, and the 
3/2 + state {j\ = 1/2) of the £ = 1_ excitation forms a degenerate multiplet 
with the 7/2+, 5/2+, and 1/2+ states (n = 3/2) of the f = 1+ ground state 
family. The energy of the radial excitation is somewhat less sensitive to k, 
varying from ~ 2.6 to 3.6 times the ground state T\ = 3/2 multiplet energy 
over the same range of k values (Fig. 11). 
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Only limited data are presently available for comparison with the E(5|4) 
predictions. The nucleus 135 Ba has been considered as a candidate for de- 
scription by the E(5|4) model in Ref. [32]. Another possible candidate is the 
nucleus 63 Cu, previously considered as a good example of Spin (5) symmetry 
for a j = 3/2 particle coupled to a U(5) boson core [68]. The available ener- 
gies and transition strengths are consistent with either a U(5) interpretation 
or an E(5|4) interpretation, since, unfortunately, they test only the common 
Spin(5) symmetry. In order to assess whether or not E(5|4) might be a better 
description, one must experimentally determine the properties of the states in 
the £ = 2 + family, in particular the energy of the J = 3/2 (ti = 1/2) state and 
its E2 transition strengths to the members of the T\ = 3/2 multiplet of the 
ground state family. 

3.4 Generalizations of the E(5|4) description 

For odd-mass nuclei, the energy splitting of the Spin(5) multiplets is typ- 
ically much more dramatic than the splitting of SO (5) multiplets discussed 
in Sec. 2.5. It must therefore be considered carefully in the analysis, and it 
cannot be separated from the determination of k, since any significant spin- 
dependent perturbation to the energies also substantially modifies the yrast 
and excited family energy ratios considered above. The generalized dynamical 
symmetry Hamiltonian for the subalgebra chain (3.9) is of the form 

H = C 2 [E(5)] + c"C 2 [Spin B (5)] + c"'C 2 [Spin F (5)] 

+ cC 2 [Spin BF (5)] + c'C 2 [Spin BF (3)], (3.18) 

or, equivalently, since A o £ is just a linear combination of C 2 [Spin BF (5)], 
C 2 [Spin B (5)], and C 2 [Spin F (5)], 

H = 7T • 7f + V{(3) + 2kko£ + fc"A o A + k"'t oE + k'J ■ J. (3.19) 

These coupling terms are all diagonal in the states described by (3.9), and 
they affect only the energies, not eigenstates. A level scheme for representative 
values of k and k' is shown in Fig. 17. 

Alternatively, as in Sec. 2.5, a limited variety of more general /3 depen- 
dences can be included in the degeneracy breaking terms while still preserving 
the analytically solvable radial equation, e.g., 

H — tt - + V{0) + 2^ + + ^fiofi + k , J_J^ (3 2Q) 

For angular momentum degeneracy breaking, we need only consider k' (and 
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Fig. 17. Level scheme for the E(5|4) model, with core-fermion coupling parame- 
ter value k = — 1/2 and angular momentum degeneracy breaking parameter value 
£/ = 1/2. All energies are normalized to E(7/2f). 



k) nonzero, giving 

A = r (r + 3) + kW^n + 3) - r(r + 3) - fl + k'J(J + 1). (3.21) 



4 Conclusion 



In this article, we have considered solutions to the Bohr equation with a 
square well potential [E(5)] and for the equation obtained by coupling this 
to an additional fermion by a five-dimensional spin-orbit interaction [E(5|4)]. 
These are examples of new classes of dynamical symmetry and Bose-Fermi 
dynamical symmetry. These symmetries are useful descriptions of even-even 
and odd-mass nuclei near the critical point of the spherical [U(5)] to 7-unstable 
[SO (6)] phase transition in nuclei. 

The results described here provide benchmarks for nuclei near the criti- 
cal point of the U(5)-SO(6) phase transition and can be used as a basis for 
comparison with experiment. However, since the Hamiltonian exhibits SO(5) 
symmetry (for even-even nuclei) or Spin Bi? (5) symmetry (for odd-mass nuclei) 
throughout this transition, in either the algebraic or geometric formulations 
of the problem, many observables are relatively insensitive to the transition. 
This makes comparison with experiment challenging. Nonetheless, nuclei with 
properties close to those of the E(5) predictions have been identified [21- 
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23,25,26], and preliminary comparisons have been carried out for the E(5|4) 
description [32]. 

The approach discussed here may be extended in several directions. The 
situation considered in Sec. 3, of coupling to a j = 3/2 particle, is relevant only 
to a restricted set of nuclei. Beyond this, the more general possible combina- 
tions of angular momenta for the fermion orbitals must also be considered. The 
case of coupling to orbitals with j = 1/2, 3/2, and 5/2, termed E(5|12), has 
been treated by Alonso, Arias, and Vitturi [69]. Another important possibility 
to consider is the embedding of the present Bose-Fermi dynamical symme- 
try [E(5) <E> U(4)] within a supersymmetry. Within the differential formula- 
tion, the related problem of a harmonic oscillator with spin-orbit interaction 
has already been explored (in three dimensions) by Balantekin [70]. In this 
case, an OSp(l|2) supersymmetry is present. A problem of great phenomeno- 
logical relevance is the extension of the present approach to the transition 
between spherical [U(5)] and axially-symmetric deformed [SU(3)] structure. 
While the problem can be solved by numerical diagonalization of the Bohr 
Hamiltonian [53], any analytic solution appears to require substantial approx- 
imations [71]. Finally, the general concept of a dynamical symmetry based 
on the square well potential, for application near the critical point of a phase 
transition, may be applied to a broad variety of systems other than quadrupole 
deformed nuclei. The pairing phase transition [72] and the linear-bent phase 
transition in molecules [73, 74] are two examples. 
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A Algebraic properties and the quadrupole-quadrupole core- 
fermion interaction 

In this appendix, we establish the relationship between the quadrupole- 
quadrupole core-fermion interaction used in interacting boson fermion model 
(IBFM) studies [18] and the five- dimensional spin-orbit interaction AoE used 
in the present E(5|4) analysis. This is especially of interest to provide grounds 
for comparison with the recent study of the U(5)-SO(6) transition in the 
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IBFM by Alonso et al. [31]. In the process, the basic definitions and relations 
are established for several algebraic quantities used in the main text. 

First, let us review the algebraic properties of the Spin(6) algebra and 
its subalgebras in Racah form [3,18,65,66]. The bosonic SO(6) algebra and 
fermionic SU(4) algebra are isomorphic, so we adopt the more uniform nota- 
tion Spin B (6) = SO (6) and Spin F (6) = SU(4). The commutation relations of 
these algebras are brought into identical form if the generators are normalized 
as 

B W 

£(3) 

The IBFM quadrupole operators are the quadrupole generators, Qb = 
and Q F = A^ 2 \ The algebra Spin BF (6) has generators 

G W = B W +A W . (A.2) 

The subalgebras Spin B (5) = SO(5), Spin F (5) = Sp(4), and Spin BF (5) are 
obtained by omitting the quadrupole generators B^ 2 \ A^ 2 \ and G^ 2 \ The 
subalgebras Sphig(3) =SO(3), Spin F (3) = SU(2), and Spin SF (3) are obtained 
by further omitting the octupole generators B^ 3 \ A@\ and G^ 3 \ The Casimir 
operators for the algebras are 

C 2 [Spin(6)] = 2G* 2 > ■ + 4[G« • + G<® • G (3) ] 

= 2G (2) • G (2) + AG o G 
C 2 [Spin(5)] = 4[G« • + G (3) • G (3) ] (A.3) 

= 4GoG 
C 2 [Spin(3)] = 20G (1) ■ 

where G here generically represents the generator B, A, or G as appropriate for 
Spin B (n), Spin F (n), or Spin BF (n). The eigenvalues of these Casimir operators 
are 

(C 2 [Spm(6)]) (CTlifT2iCT3) = 2[ ( t 1 ( ( j 1 + 4) + a 2 (a 2 + 2) + a 2 ] 

(C 2 [Spin(5)]) (ri)T2) = 2[n(n + 3) + r 2 (r 2 + 1)] (A.4) 
(C 2 [Spin(3)]) (J) =2[J(J+l)]. 

Comparing (A.3) and (A.4), we see that the conventional normalizations of 
the three-dimensional angular momentum operators are obtained by setting 
L = VlOB^ and j = VlOA^, so {L-L} = L(L + 1) and (]■]} =j(j + 1). Sim- 
ilarly, chosing the normalizations of the five-dimensional angular momentum 
operators as A (A) = V / 2S (A) and £W = v^A w yields (A o A) = r(r + 3) and 
(SoS)=r 1 (r 1 + 3) + r 2 (r 2 + l). 
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(S x J)W A™ 
(S x d)® A^ 



_ _JL ( a t x 

(at x a)< 2 > 
i=(at x a) (3) . 



(A.l) 



Let us now return to the core-fermion interaction. The spin-orbit interac- 
tion Ao E only involves Spin(5) Casimir operators, as shown in (3.6). The 
quadrupole-quadrupole interaction of the IBFM is, by the above definitions, 

Q B .Q F = -[G^ ■ - B^ ■ B& - A& ■ A&], (A.5) 

Adding to this the five- dimensional spin-orbit interaction 

Aot = GoG-BoB-AoA, (A.6) 
and recognizing the Spin(6) Casimir operators (A. 3), we have 

Qb ■ Qf + A o E = i [c 2 [Spin BF (6)] - C 2 [Spin B (6)] - C 2 [Spin F (6)]] . (A.7) 

Both Qb-Qf and AoE are Spin Bi? (5) scalars, so both yield degenerate Spin(5) 
multiplets of levels (with good Ti) when used as the core-fermion interaction 
in the Hamiltonian. However, they differ in physical content in an important 
fashion. The interaction AoE induces a pure Spin(5) coupling scheme (where 
the levels have good r as well as Ti). The interaction Qb ' Qf additionally 
contains Spin(6) Casimir operators, as seen from (A.7), so it tends to induce 
a hybrid of the Spin(5) and Spin(6) coupling schemes (admixed r — T\ ± 1/2). 
[This may loosely be interpreted as mixing the spin-aligned and spin-flip states. 
However, such a simple two-state mixing description strictly holds only in 
the SO(6) limit.] Consequently, IBFM predictions obtained with the Qb • Qf 
interaction do not exhibit the At selection rules encountered in the E(5|4) 
predictions. This leads to significant qualitative differences between the results 
of Ref. [31] and the present E(5|4) predictions. 



B Spin(5) D Spin(3) isoscalar factors 



The calculation of electromagnetic transition observables for the E(5|4) 
model (Sec. 3) is heavily dependent upon the calculation of the Spin(5) D 
Spin (3) isoscalar factors involved in the construction of the coupled state 
core-fermion state (3.10). While the relevant isoscalar factors have been en- 
countered before on several occasions [18,65-67] in the context of the IBFM, 
considerable phase differences are present among the reported values. In this 
appendix, we briefly clarify the phase degrees of freedom present in the deter- 
mination of the Spin(5) D Spin(3) isoscalar factors and establish a consistent 
set applicable to the geometric framework for the E(5|4) calculations. 

The symmetric representations (r, 0) of Spin B (5) and the spinor funda- 
mental representation (|, |) of Spin F (5) are coupled to yield representations 
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(r ± |, |) of Spin SF (5) according to the Spin(5) D Spin(3) isoscalar factors 




(B.l) 



where T\ — t ± 1/2. The multiplicity indices z>a and are only necessary for 
r > 6 and t\ > 7/2, respectively and so they are suppressed in (3.10) and in 
the following discussion. 

The isoscalar factors are usually obtained [18,65-67] by embedding the 
Spin(5) algebras within Spin(6) algebras, as outlined in Appendix A, and 
applying Racah's method. The matrix element of C2[Spin BF (6)] = 2G < - 2 - ) • 
+ C 2 [Spin(5)] between a coupled state and an uncoupled state can be 
evaluated in two different ways: directly by using the eigenvalue formula (A. 4) 
for C2[Spin(6)] or indirectly by evaluating the matrix element of -G^ and 
using the eigenvalue formula for C2[Spin(5)]. Equating the results obtained 
by these two methods yields a system of equations involving the isoscalar 
factors, the core matrix elements (tL||£>( 2 ) \\t'L'), and the trivial fermionic 
matrix element (|P (2) |||) = -\ / 5 (see Refs. [18,65-67] for details). Namely, 
isoscalar factors involving the same values of T\ and J but different values of 
r and L are related by 





2v/5E( 



] 3/2+L'+J 



J 



L §L'2j 

x ((r',0) (U) 



(tL\\B ( V\\t'L') 



j 



(B.2) 



where r' = T\ =F 1/2 when r = T\ ± 1/2. The full system is obtained by allowing 
r to range over the values Ti±l/2 and L to range over the angular momentum 
values contained in the SO(5) representation (r, 0). 

All isoscalar factors of the same T\ and J are found simultanously, to 
within an overall normalization factor and sign (or phase), by solution of the 
linear homogeneous system of equations given by (B.2). This is equivalent to 
solution for the null vector of the coefficient matrix of the system, which is 
easily carried out by Gaussian elimination. The normalization of the family of 
isoscalar factors sharing the same T\ and J values follows from the condition 



L V ^ 2 




J 



St'tS t [ t1 5j>j, (B.3) 



but the overall sign is arbitrary, corresponding to the freedom in defining the 
sign of the coupled state \ttiJ) in (3.10). 

The relative signs of isoscalar factors sharing the same T\ and J values are 
in principle fixed by the system (B.2). However, comparison of the isoscalar 
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factors computed in Refs. [18, 65-67] shows apparent sign discrepancies even 
among sets of isoscalar factors sharing the same T\ and J. The differences 
arise from differing signs for the matrix elements of — (s^ x d + eft x s)^ 
appearing in (B.2). These in turn follow from the phase freedom in defin- 
ing the Spin B (5) basis states \tL) [42] and, ultimately, from the arbitrary 
phases of the U(5) basis states used in defining the matrix elements of eft , i.e., 
dL'L{nd) [34,42]. Physical quantities, such as transition matrix elements, for 
the coupled system are calculated correctly only if the same phase convention 
for the Spin s (5) basis states is used consistently both in the construction of the 
isoscalar factors and in the calculation of physical quantities. Consequently, 
the isoscalar factors for use in the present work cannot be taken verbatim 
from any of the Refs. [18,65-67] but rather must be recalculated with phases 
consistent with the present core Spin B (5) basis functions, the ^ T u a lm l (i, 

The form of (B.2) appropriate to the present geometric framework for the 
E(5|4) problem is obtained by replacing the bosonic operator w ith its 
classical limit a. Then the matrix elements (rLHaHr'L') are evaluated using 
the explicit expressions for the wave functions ^ T u a lm l (i, #) as discussed in 
Sec. 2.3. The resulting isoscalar factors are given in Table B.l. These isoscalar 
factors have phases consistent with the core reduced matrix elements of Ap- 
pendix C. They are used in the calculation of the coupled system reduced 
matrix elements of Appendix D. 

Note that the procedure for calculation of isoscalar factors described above 
is easily generalized to the case where degenerate J values arise in the Spin(5) 
representation (ri, |). The multiplicity of J is equal to the dimension of the null 
space of the coefficient matrix of (B.2). The null space is found by Gaussian 
elimination, as usual, and the isoscalar factors are obtained as the entries of 
an orthonormal set of basis vectors for the null space. The (arbitrary) choice 
of orthonormal basis determines the meaning of the multiplicity index i)' A for 
the coupled state \ttiVaJ)- 
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Table B.l 

The Spin(5) D Spin(3) isoscalar factors (ISFs), tabulated for n < 7/2 and omitting 
degenerate J values (see text). A square root sign is to be understood over the 
magnitude of each isoscalar factor. 



n 


J 


r 


L 


TOT" 1 

ISF 


n 


J 


r 


L 


TOT - 1 

ISF 


1/2 


3/2 








1 


5/2 


11/2 


3 


4 


-8/99 


1/2 


3/2 


1 


2 


1 


5/2 


11/2 


3 


6 


91/99 


3/2 


1/2 


1 


2 


1 


7/2 


3/2 


3 





2/3 


3/2 


5/2 


1 


2 


1 


7/2 


3/2 


3 


3 


1/3 


3/2 


7/2 


1 


2 


1 


7/2 


5/2 


3 


3 


11/18 


3/2 


1/2 


2 


2 


— 1 


7/2 


5/2 


3 


4 


7/18 


3/2 


5/2 


2 


2 


25/49 


7/2 


7/2 


3 


3 


11/18 


3/2 


5/2 


2 


4 


24/49 


7/2 


7/2 


3 


4 


-7/18 


3/2 


7/2 


2 


2 


—4/49 


7/2 


11/2 


3 


4 


91/99 


3/2 


7/2 


2 


4 


45/49 


7/2 


11/2 


3 


6 


8/99 


5/2 


3/2 


2 


2 


1 


7/2 


13/2 


3 


6 


1 


5/2 


5/2 


2 


2 


24/49 


7/2 


15/2 


3 


6 


1 


5/2 


5/2 


2 


4 


-25/49 


7/2 


3/2 


4 


2 


1 


5/2 


7/2 


2 


2 


45/49 


7/2 


5/2 


4 


2 


12/77 


5/2 


7/2 


2 


4 


4/49 


7/2 


5/2 


4 


4 


-65/77 


5/2 


9/2 


2 


4 


1 


7/2 


7/2 


4 


2 


-45/154 


5/2 


11/2 


2 


4 


1 


7/2 


7/2 


4 


4 


-52/385 


5/2 


3/2 


3 





1/3 


7/2 


7/2 


4 


5 


63/110 


5/2 


3/2 


3 


3 


-2/3 


7/2 


11/2 


4 


4 


-56/605 


5/2 


5/2 


3 


3 


-7/18 


7/2 


11/2 


4 


5 


9/55 


5/2 


5/2 


3 


4 


11/18 


7/2 


11/2 


4 


6 


90/121 


5/2 


7/2 


3 


3 


7/18 


7/2 


13/2 


4 


5 


-10/77 


5/2 


7/2 


3 


4 


11/18 


7/2 


13/2 


4 


6 


9/55 


5/2 


9/2 


3 


3 


-11/90 


7/2 


13/2 


4 


8 


272/385 


5/2 


9/2 


3 


4 


49/198 


7/2 


15/2 


4 


6 


-4/55 


5/2 


9/2 


3 


6 


104/165 


7/2 


15/2 


4 


8 


51/55 
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C Core angular reduced matrix elements 

Angular reduced matrix elements (RMEs) for the even-even core, as de- 
scribed in Sec. 2.3, are tabulated in Tables C.1-C.4. The matrix elements are 
valid for the angular solutions of 7-soft problems in general, not just for the 
E(5) case considered in this article. They also provide exact expressions for the 
matrix elements of transition operators in the large- N limit of the IBM SO (6) 
dynamical symmetry. All reduced matrix elements are normalized according 
to the Wigner-Eckart theorem convention of Racah [54]. 
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Table C.l 

Angular reduced matrix elements (L'||a||L), between basis states related by At = 1, 
tabulated for r < 5. A square root sign is to be understood over the magnitude of 
each matrix element. 



T 


r 


1 


r' 

±J 




T 


r 


~J 

1 


r' 

±J 


R A/TP 

XV1V1H/ 


1 


2 








1 


4 


8 


3 


6 


68/11 


2 


2 


1 


2 


-10/7 


5 


2 


4 


2 


-10/7 


2 


4 


1 


2 


18/7 


5 


2 


4 


4 


45/91 


3 





2 


2 


1/3 


5 


4 


4 


2 


135/77 


3 


3 


2 


2 


5/3 


5 


4 


4 


4 


15552/55055 


3 


3 


2 


4 


2/3 


5 


4 


4 


5 


63/55 


3 


4 


2 


2 


11/7 


5 


4 


4 


6 


441/1573 


3 


4 


2 


4 


-10/7 


5 


5 


4 


4 


189/65 


3 


6 


2 


4 


13/3 


5 


5 


4 


5 


-66/65 


4 


2 


3 





2/3 


5 


5 


4 


6 


4/13 


4 


2 


3 


3 


5/6 


5 


6 


4 


4 


3213/1573 


4 


2 


3 


4 


7/22 


5 


6 


4 


5 


68/77 


4 


4 


3 


3 


26/15 


5 


6 


4 


6 


-1224/605 


4 


4 


3 


4 


-182/121 


5 


6 


4 


8 


-256/5005 


4 


4 


3 


6 


-64/1815 


5 


7 


4 


5 


360/91 


4 


5 


3 


3 


21/10 


5 


7 


4 


6 


9/13 


4 


5 


3 


4 


21/22 


5 


7 


4 


8 


102/91 


4 


5 


3 


6 


52/55 


5 


8 


4 


6 


323/65 


4 


6 


3 


4 


390/121 


5 


8 


4 


8 


-102/65 


4 


6 


3 


6 


-182/121 


5 


10 


4 


8 


105/13 
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Table C.2 

Angular reduced matrix elements (L'||(a x a)^\\L), between basis states related 
by At = 0, tabulated for r < 5. A square root sign is to be understood over the 
magnitude of each matrix element. 



r 


T 
L 


T 


L 


I> TV TT? 


r 


T 
L 


T 


T 1 

L 




1 




1 


2 


20/49 


A 

4 


o 

8 


4 


o 

8 


155U4/5915 


o 

I 


Z 


Z 


Z 


OA / A A 1 

— zU/441 


r 

5 


Z 


r 

5 


o 
Z 


— 4/z45 


o 

I 


o 
Z 


o 

z 


4 


— 04/441 


5 


Z 


5 


A 

4 


— 96/2695 


o 

I 


4 


o 

z 


o 
Z 


— o4/441 


r- 




4 


r 

5 


z 


— 96/2695 


1 


4 


2 


A 

4 


441)/ 441 


5 


A 

4 


5 


4 


1527752/8152375 


o 
3 


3 


3 


3 


L) 


5 


4 


r 




5 


on / -1 

32/1375 


o 



3 


3 


4 


24/77 


r 

5 


4 


5 


b 


2176/33275 


3 


4 


3 


3 


—24/77 


5 


5 


r- 




A 

4 


— 32/1375 


Q 




4 


6 


4 


CWbU/0bzl9 


r 



r 




r 




r 



1 1 QQ /1 1 Q7C 

— lloo/llo/o 


3 


4 


3 


6 


-2496/9317 


5 


5 


5 


6 


4896/13475 


3 


6 


3 


4 


-2496/9317 


5 


5 


5 


7 


-256/3185 


3 


6 


3 


6 


2340/1331 


5 


6 


5 


4 


2176/33275 


4 


2 


4 


2 


20/441 


5 


6 


5 


5 


-4896/13475 


4 


2 


4 


4 


160/5733 


5 


6 


5 


6 


247572/8152375 


4 


4 


4 


2 


160/5733 


5 


6 


5 


7 


2176/13475 


4 


4 


4 


4 


-356168/4099095 


5 


6 


5 


8 


-21888/67375 


4 


4 


4 


5 


32/195 


5 


7 


5 


5 


-256/3185 


4 


4 


4 


6 


-896/5577 


5 


7 


5 


6 


-2176/13475 


4 


5 


4 


4 


-32/195 


5 


7 


5 


7 


8228/9555 


4 


5 


4 


5 


132/455 


5 


7 


5 


8 


1292/3675 


4 


5 


4 


6 


32/91 


5 


8 


5 


6 


-21888/67375 


4 


6 


4 


4 


-896/5577 


5 


8 


5 


7 


-1292/3675 


4 


6 


4 


5 


-32/91 


5 


8 


5 


8 


16524/16625 


4 


6 


4 


6 


324/715 


5 


8 


5 


10 


-128/285 


4 


6 


4 


8 


-2176/5915 


5 


10 


5 


8 


-128/285 


4 


8 


4 


6 


-2176/5915 


5 


10 


5 


10 


1012/285 
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Table C.3 

Angular reduced matrix elements {L'\\(a x a)^\\L), between basis states related 
by At = 2, tabulated for r < 5. A square root sign is to be understood over the 
magnitude of each matrix element. 



r 


L 


t' 


V 


RME 


T 


L 


t' 


L' 


RME 


2 


2 








-2/7 


5 


2 


3 


4 


-1/11 


3 





1 


2 


-2/21 


5 


4 


3 


3 


144/385 


3 


3 


1 


2 


10/21 


5 


4 


3 


4 


432/1331 


3 


4 


1 


2 


-22/49 


5 


4 


3 


6 


-66978/605605 


4 


2 


2 


2 


160/441 


5 


5 


3 


3 


-3/5 


4 


2 


2 


4 


-50/441 


5 


5 


3 


4 


3/11 


4 


4 


2 


2 


-260/441 


5 


5 


3 


6 


32/5005 


4 


4 


2 


4 


-416/4851 


5 


6 


3 


4 


-1020/1331 


4 


5 


2 


4 


2/3 


5 


6 


3 


6 


-1088/9317 


4 


6 


2 


4 


-130/231 


5 


7 


3 


6 


810/1001 


5 


2 


3 





-4/21 


5 


8 


3 


6 


-646/1001 


5 


2 


3 


3 


5/21 













Table C.4 

Angular reduced matrix elements x i(a x vf)^ 1 ^ 1 ^ ||L), between basis states 

related by At = 1, tabulated for r < 5. A square root sign is to be understood over 
the magnitude of each matrix element. 



T 


L 


T 


L' 


RME 


T 


L 


T 


L' 


RME 


2 


2 


1 


2 


3/10 


5 


4 


4 


4 


-3888/17875 


3 


3 


2 


2 


-2/5 


5 


4 


4 


5 


-1134/1375 


3 


3 


2 


4 


-3/10 


5 


5 


4 


4 


-3402/1625 


3 


4 


2 


4 


11/10 


5 


5 


4 


5 


297/250 


4 


2 


3 


3 


-1/5 


5 


5 


4 


6 


-21/65 


4 


4 


3 


3 


-39/50 


5 


6 


4 


5 


-51/55 


4 


4 


3 


4 


637/550 


5 


6 


4 


6 


918/275 


4 


5 


3 


4 


-189/275 


5 


7 


4 


6 


-324/325 


4 


5 


3 


6 


-273/275 


5 


7 


4 


8 


-1377/650 


4 


6 


3 


6 


273/110 


5 


8 


4 


8 


2907/650 


5 


2 


4 


2 


3/10 
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D Coupled system reduced matrix elements 

Angular reduced matrix elements (RMEs) for the coupled odd-mass sys- 
tem, as described in Sec. 3.2, are taulated in Tables D.1-D.6. The matrix ele- 
ments are applicable to problems involving a 7-soft core coupled to a j = 3/2 
particle in general, not just to the E(5|4) case considered in this article. All 
reduced matrix elements are normalized according to the Wigner-Eckart the- 
orem convention of Racah [54] . 

In Tables D.l and D.2, certain redundant matrix element values have been 
suppressed for conciseness. In Table D.l, only the Ar x = 1 matrix elements 
within the T\ — r + 1/2 family of states are tabulated, since those within the 
Ti — t — 1/2 family are identical. In Table D.2, only the At\ = or 2 matrix 
elements within the T\ — r + 1/2 family of states are tabulated, since those 
within the T\ = t — 1/2 family are identical. Also, only the At\ = 1 matrix 
elements with At = are tabulated, since those with At = 2 are identical. 
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Table D.l 

Angular reduced matrix elements (J'||a|| J) between Spin(5) coupled states, for n < 
5/2. A square root sign is to be understood over the magnitude of each matrix 
element. 



T 


Tl 


J 


/ 

T 




J 


RME 


T 




J 


/ 

T 


/ 


J 


RME 


1 


1/2 


3/2 







3/2 


4/5 


3 


5/2 


9/2 


2 


5/2 


7/2 


32/11907 


2 


3/2 


1/2 


1 


3/2 


5/2 


6/35 


3 


5/2 


9/2 


2 


5/2 


9/2 


-125/2673 


2 


3/2 


5/2 


1 


3/2 


1/2 


6/35 


3 


5/2 


9/2 


2 


5/2 


11/2 


-832/2673 


2 


3/2 


5/2 


1 


3/2 


5/2 


-12/1715 


3 


5/2 


11/2 


2 


5/2 


7/2 


128/8505 


2 


3/2 


5/2 


1 


3/2 


7/2 


-576/1715 


3 


5/2 


11/2 


2 


5/2 


9/2 


832/2673 


2 


3/2 


7/2 


1 


3/2 


5/2 


576/1715 


3 


5/2 


11/2 


2 


5/2 


11/2 


364/1485 


2 


3/2 


7/2 


1 


3/2 


7/2 


120/343 


2 


3/2 


1/2 


1 


1/2 


3/2 


2/5 


3 


5/2 


3/2 


2 


5/2 


3/2 


-4/45 


2 


3/2 


5/2 


1 


1/2 


3/2 


6/5 


3 


5/2 


3/2 


2 


5/2 


5/2 


-64/2205 


2 


3/2 


7/2 


1 


1/2 


3/2 


8/5 


3 


5/2 


3/2 


2 


5/2 


7/2 


32/441 


3 


5/2 


3/2 


2 


3/2 


1/2 


2/5 


3 


5/2 


5/2 


2 


5/2 


3/2 


64/2205 


3 


5/2 


3/2 


2 


3/2 


5/2 


-30/49 


3 


5/2 


5/2 


2 


5/2 


5/2 


121/46305 


3 


5/2 


3/2 


2 


3/2 


7/2 


-32/245 


3 


5/2 


5/2 


2 


5/2 


7/2 


-11552/83349 


3 


5/2 


5/2 


2 


3/2 


1/2 


-36/35 


3 


5/2 


5/2 


2 


5/2 


9/2 


-1375/11907 


3 


5/2 


5/2 


2 


3/2 


5/2 


-90/343 


3 


5/2 


7/2 


2 


5/2 


3/2 


32/441 


3 


5/2 


5/2 


2 


3/2 


7/2 


-726/1715 


3 


5/2 


7/2 


2 


5/2 


5/2 


11552/83349 


3 


5/2 


7/2 


2 


3/2 


5/2 


400/343 


3 


5/2 


7/2 


2 


5/2 


7/2 


63368/416745 


3 


5/2 


7/2 


2 


3/2 


7/2 


-384/343 


3 


5/2 


7/2 


2 


5/2 


9/2 


-32/11907 


3 


5/2 


9/2 


2 


3/2 


5/2 


110/49 


3 


5/2 


7/2 


2 


5/2 


11/2 


128/8505 


3 


5/2 


9/2 


2 


3/2 


7/2 


30/49 


3 


5/2 


9/2 


2 


5/2 


5/2 


-1375/11907 


3 


5/2 


11/2 


2 


3/2 


7/2 


24/7 



Table D.2 

Angular reduced matrix elements (J'\\(a x a)*- 2 -*!! J) between Spin(5) coupled states, 
for ti < 5/2. A square root sign is to be understood over the magnitude of each 
matrix element. 



T 


Tl 


J 


i 

T 


i 

T l 


J 


RME 


T 


Tl 


J 


i 

T 


i 

T l 


J 


RME 


1 


1/2 


3/2 


1 


1/2 


3/2 





3 


5/2 


9/2 


3 


5/2 


11/2 


416/2079 


2 


3/2 


1/2 


2 


3/2 


5/2 


12/245 


3 


5/2 


11/2 


3 


5/2 


7/2 


-1024/6615 


2 


3/2 


5/2 


2 


3/2 


1/2 


12/245 


3 


5/2 


11/2 


3 


5/2 


9/2 


-416/2079 


2 


3/2 


5/2 


2 


3/2 


5/2 


120/2401 


3 


5/2 


11/2 


3 


5/2 


11/2 


1664/1485 


2 


3/2 


5/2 


2 


3/2 


7/2 


2592/12005 


1 


3/2 


1/2 


1 


1/2 


3/2 


4/35 


2 


3/2 


7/2 


2 


3/2 


5/2 


-2592/12005 


1 


3/2 


5/2 


1 


1/2 


3/2 


-60/343 


2 


3/2 


7/2 


2 


3/2 


7/2 


960/2401 


1 


3/2 


7/2 


1 


1/2 


3/2 


64/1715 


3 


5/2 


3/2 


3 


5/2 


3/2 





2 


5/2 


3/2 


2 


3/2 


1/2 


-4/315 


3 


5/2 


3/2 


3 


5/2 


5/2 


-160/3087 


2 


5/2 


3/2 


2 


3/2 


5/2 


4/5145 


3 


5/2 


3/2 


3 


5/2 


7/2 


-64/3087 


2 


5/2 


3/2 


2 


3/2 


7/2 


-1024/15435 


3 


5/2 


5/2 


3 


5/2 


3/2 


160/3087 


2 


5/2 


5/2 


2 


3/2 


1/2 


-32/2205 


3 


5/2 


5/2 


3 


5/2 


5/2 


9610/64827 


2 


5/2 


5/2 


2 


3/2 


5/2 


-15376/108045 


3 


5/2 


5/2 


3 


5/2 


7/2 


-48/2401 


2 


5/2 


5/2 


2 


3/2 


7/2 


-5476/324135 


3 


5/2 


5/2 


3 


5/2 


9/2 


-110/1029 


2 


5/2 


7/2 


2 


3/2 


5/2 


-32/194481 


3 


5/2 


7/2 


3 


5/2 


3/2 


-64/3087 


2 


5/2 


7/2 


2 


3/2 


7/2 


256/7203 


3 


5/2 


7/2 


3 


5/2 


5/2 


48/2401 


2 


5/2 


9/2 


2 


3/2 


5/2 


-880/27783 


3 


5/2 


7/2 


3 


5/2 


7/2 


-87616/2917215 


2 


5/2 


9/2 


2 


3/2 


7/2 


-60/343 


3 


5/2 


7/2 


3 


5/2 


9/2 


8464/83349 


2 


5/2 


11/2 


2 


3/2 


7/2 


64/1323 


3 


5/2 


7/2 


3 


5/2 


11/2 


-1024/6615 


3 


5/2 


3/2 


1 


1/2 


3/2 


-8/35 


3 


5/2 


9/2 


3 


5/2 


5/2 


-110/1029 


3 


5/2 


5/2 


1 


1/2 


3/2 


-288/1715 


3 


5/2 


9/2 


3 


5/2 


7/2 


-8464/83349 


3 


5/2 


7/2 


1 


1/2 


3/2 


-144/343 


3 


5/2 


9/2 


3 


5/2 


9/2 


1750/2673 
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Table D.3 

Angular reduced matrix elements (J'||(a^ x a)( 2 )||J) between Spin(5) coupled states, 
for T\ < 5/2. A square root sign is to be understood over the magnitude of each 
matrix element. 



T 


Tl 


J 


t' 




J' 


RME 


T 




J 


T> 


T,' 


.7' 


RME 





1/2 


3/2 





1/2 


3/2 


-5 


3 


5/2 


3/2 


3 


5/2 


3/2 


-49/45 


1 


3/2 


1/2 


1 


3/2 


5/2 


-21/10 


3 


5/2 


3/2 


3 


5/2 


5/2 


-16/45 


1 


3/2 


5/2 


1 


3/2 


1/2 


-21/10 


3 


5/2 


3/2 


3 


5/2 


7/2 


8/9 


1 


3/2 


5/2 


1 


3/2 


5/2 


3/35 


3 


5/2 


5/2 


3 


5/2 


3/2 


16/45 


1 


3/2 


5/2 


1 


3/2 


7/2 


144/35 


3 


5/2 


5/2 


3 


5/2 


5/2 


121/3780 


1 


3/2 


7/2 


1 


3/2 


5/2 


-144/35 


3 


5/2 


5/2 


3 


5/2 


7/2 


-2888/1701 


1 


3/2 


7/2 


1 


3/2 


7/2 


-30/7 


3 


5/2 


5/2 


3 


5/2 


9/2 


-1375/972 


2 


5/2 


3/2 


2 


5/2 


3/2 


9/5 


3 


5/2 


7/2 


3 


5/2 


3/2 


8/9 


2 


5/2 


3/2 


2 


5/2 


5/2 


144/245 


3 


5/2 


7/2 


3 


5/2 


5/2 


2888/1701 


2 


5/2 


3/2 


2 


5/2 


7/2 


-72/49 


3 


5/2 


7/2 


3 


5/2 


7/2 


15842/8505 


2 


5/2 


5/2 


2 


5/2 


3/2 


-144/245 


3 


5/2 


7/2 


3 


5/2 


9/2 


-8/243 


2 


5/2 


5/2 


2 


5/2 


5/2 


-363/6860 


3 


5/2 


7/2 


3 


5/2 


11/2 


224/1215 


2 


5/2 


5/2 


2 


5/2 


7/2 


2888/1029 


3 


5/2 


9/2 


3 


5/2 


5/2 


-1375/972 


2 


5/2 


5/2 


2 


5/2 


9/2 


1375/588 


3 


5/2 


9/2 


3 


5/2 


7/2 


8/243 


2 


5/2 


7/2 


2 


5/2 


3/2 


-72/49 


3 


5/2 


9/2 


3 


5/2 


9/2 


-6125/10692 


2 


5/2 


7/2 


2 


5/2 


5/2 


-2888/1029 


3 


5/2 


9/2 


3 


5/2 


11/2 


-10192/2673 


2 


5/2 


7/2 


2 


5/2 


7/2 


-15842/5145 


3 


5/2 


11/2 


3 


5/2 


7/2 


224/1215 


2 


5/2 


7/2 


2 


5/2 


9/2 


8/147 


3 


5/2 


11/2 


3 


5/2 


9/2 


10192/2673 


2 


5/2 


7/2 


2 


5/2 


11/2 


-32/105 


3 


5/2 


11/2 


3 


5/2 


11/2 


4459/1485 


2 


5/2 


9/2 


2 


5/2 


5/2 


1375/588 


1 


3/2 


1/2 


1 


1/2 


3/2 


-2/5 


2 


5/2 


9/2 


2 


5/2 


7/2 


-8/147 


1 


3/2 


5/2 


1 


1/2 


3/2 


-6/5 


2 


5/2 


9/2 


2 


5/2 


9/2 


125/132 


1 


3/2 


7/2 


1 


1/2 


3/2 


-8/5 


2 


5/2 


9/2 


2 


5/2 


11/2 


208/33 


2 


5/2 


3/2 


2 


3/2 


1/2 


-2/5 


2 


5/2 


11/2 


2 


5/2 


7/2 


-32/105 


2 


5/2 


3/2 


2 


3/2 


5/2 


30/49 


2 


5/2 


11/2 


2 


5/2 


9/2 


-208/33 


2 


5/2 


3/2 


2 


3/2 


7/2 


32/245 


2 


5/2 


11/2 


2 


5/2 


11/2 


-273/55 


2 


5/2 


5/2 


2 


3/2 


1/2 


36/35 


1 


1/2 


3/2 


1 


1/2 


3/2 


9/5 


2 


5/2 


5/2 


2 


3/2 


5/2 


90/343 


2 


3/2 


1/2 


2 


3/2 


5/2 


15/14 


2 


5/2 


5/2 


2 


3/2 


7/2 


726/1715 


2 


3/2 


5/2 


2 


3/2 


1/2 


15/14 


2 


5/2 


7/2 


2 


3/2 


5/2 


-400/343 


2 


3/2 


5/2 


2 


3/2 


5/2 


-15/343 


2 


5/2 


7/2 


2 


3/2 


7/2 


384/343 


2 


3/2 


5/2 


2 


3/2 


7/2 


-720/343 


2 


5/2 


9/2 


2 


3/2 


5/2 


-110/49 


2 


3/2 


7/2 


2 


3/2 


5/2 


720/343 


2 


5/2 


9/2 


2 


3/2 


7/2 


-30/49 


2 


3/2 


7/2 


2 


3/2 


7/2 


750/343 


2 


5/2 


11/2 


2 


3/2 


7/2 


-24/7 



Table D.4 

Angular reduced matrix elements (J'\\i(a x fr)^ || J) between Spin(5) coupled states, 
for ti < 5/2. For reduced matrix elements of L, multiply by y/W. A square root sign 
is to be understood over the magnitude of each matrix element. 



T 




J 


T> 


A 


J 


RME 


T 




J 


T> 


A 


J 


RME 





1/2 


3/2 





1/2 


3/2 





2 


3/2 


7/2 


2 


3/2 


7/2 


20736/1715 


1 


3/2 


1/2 


1 


3/2 


1/2 


3/5 


3 


5/2 


3/2 


3 


5/2 


3/2 


128/75 


1 


3/2 


5/2 


1 


3/2 


5/2 


363/175 


3 


5/2 


3/2 


3 


5/2 


5/2 


56/225 


1 


3/2 


5/2 


1 


3/2 


7/2 


24/35 


3 


5/2 


5/2 


3 


5/2 


3/2 


-56/225 


1 


3/2 


7/2 


1 


3/2 


5/2 


-24/35 


3 


5/2 


5/2 


3 


5/2 


5/2 


38809/4725 


1 


3/2 


7/2 


1 


3/2 


7/2 


144/35 


3 


5/2 


5/2 


3 


5/2 


7/2 


4/63 


2 


5/2 


3/2 


2 


5/2 


3/2 


24/25 


3 


5/2 


7/2 


3 


5/2 


5/2 


-4/63 


2 


5/2 


3/2 


2 


5/2 


5/2 


72/175 


3 


5/2 


7/2 


3 


5/2 


7/2 


54080/5103 


2 


5/2 


5/2 


2 


5/2 


3/2 


-72/175 


3 


5/2 


7/2 


3 


5/2 


9/2 


308/3645 


2 


5/2 


5/2 


2 


5/2 


5/2 


48387/8575 


3 


5/2 


9/2 


3 


5/2 


7/2 


-308/3645 


2 


5/2 


5/2 


2 


5/2 


7/2 


36/343 


3 


5/2 


9/2 


3 


5/2 


9/2 


235225/8019 


2 


5/2 


7/2 


2 


5/2 


5/2 


-36/343 


3 


5/2 


9/2 


3 


5/2 


11/2 


392/495 


2 


5/2 


7/2 


2 


5/2 


7/2 


71824/15435 


3 


5/2 


11/2 


3 


5/2 


9/2 


-392/495 


2 


5/2 


7/2 


2 


5/2 


9/2 


44/315 


3 


5/2 


11/2 


3 


5/2 


11/2 


13000/297 


2 


5/2 


9/2 


2 


5/2 


7/2 


-44/315 


1 


3/2 


1/2 


1 


1/2 


3/2 


3/5 


2 


5/2 


9/2 


2 


5/2 


9/2 


1681/99 


1 


3/2 


5/2 


1 


1/2 


3/2 


-21/25 


2 


5/2 


9/2 


2 


5/2 


11/2 


72/55 


2 


5/2 


3/2 


2 


3/2 


1/2 


3/5 


2 


5/2 


11/2 


2 


5/2 


9/2 


-72/55 


2 


5/2 


3/2 


2 


3/2 


5/2 


3/7 


2 


5/2 


11/2 


2 


5/2 


11/2 


1248/55 


2 


5/2 


5/2 


2 


3/2 


5/2 


-288/343 


1 


1/2 


3/2 


1 


1/2 


3/2 


24/25 


2 


5/2 


5/2 


2 


3/2 


7/2 


-1521/1715 


2 


3/2 


1/2 


2 


3/2 


1/2 


3/5 


2 


5/2 


7/2 


2 


3/2 


5/2 


-216/343 


2 


3/2 


5/2 


2 


3/2 


5/2 


1875/343 


2 


5/2 


7/2 


2 


3/2 


7/2 


64/343 


2 


3/2 


5/2 


2 


3/2 


7/2 


120/343 


2 


5/2 


9/2 


2 


3/2 


7/2 


-11/7 


2 


3/2 


7/2 


2 


3/2 


5/2 


-120/343 
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Table D.5 

Angular reduced matrix elements (J'\\ [a x i(a x Tf)^]^ 1 ) || J) between Spin(5) coupled 
states, for t\ < 5/2. A square root sign is to be understood over the magnitude of 
each matrix element. 



T 


Tl 


J 


T> 




J 


RME 


T 




J 


r' 




J> 


RME 


1 


1/2 


3/2 







3/2 





1 


3/2 


1/2 







3/2 





2 


3/2 


1/2 


1 


3/2 


1/2 


-3/50 


1 


3/2 


5/2 





1/2 


3/2 





2 


3/2 


5/2 


1 


3/2 


5/2 


363/3430 


2 


5/2 


3/2 


1 


3/2 


1/2 


-3/50 


2 


3/2 


5/2 


1 


3/2 


7/2 


12/343 


2 


5/2 


3/2 


1 


3/2 


5/2 


21/250 


2 


3/2 


7/2 


1 


3/2 


5/2 


48/8575 


2 


5/2 


5/2 


1 


3/2 


5/2 


4356/42875 


2 


3/2 


7/2 


1 


3/2 


7/2 


-288/8575 


2 


5/2 


5/2 


1 


3/2 


7/2 


288/8575 


3 


5/2 


3/2 


2 


5/2 


3/2 


16/375 


2 


5/2 


7/2 


1 


3/2 


5/2 


-108/1715 


3 


5/2 


3/2 


2 


5/2 


5/2 


-36/875 


2 


5/2 


7/2 


1 


3/2 


7/2 


648/1715 


3 


5/2 


5/2 


2 


5/2 


3/2 


112/1125 


2 


5/2 


9/2 


1 


3/2 


7/2 





3 


5/2 


5/2 


2 


5/2 


5/2 


-146689/2315250 


2 


3/2 


1/2 


1 


1/2 


3/2 


-3/50 


3 


5/2 


5/2 


2 


5/2 


7/2 


512/15435 


2 


3/2 


5/2 


1 


1/2 


3/2 


-3/70 


3 


5/2 


7/2 


2 


5/2 


5/2 


-18/1715 


3 


5/2 


3/2 


2 


3/2 


1/2 


-8/75 


3 


5/2 


7/2 


2 


5/2 


7/2 


40328/6251175 


3 


5/2 


3/2 


2 


3/2 


5/2 


8/105 


3 


5/2 


7/2 


2 


5/2 


9/2 


-154/18225 


3 


5/2 


5/2 


2 


3/2 


5/2 


3844/15435 


3 


5/2 


9/2 


2 


5/2 


7/2 


5632/127575 


3 


5/2 


5/2 


2 


3/2 


7/2 


36481/154350 


3 


5/2 


9/2 


2 


5/2 


9/2 


16129/80190 


3 


5/2 


7/2 


2 


3/2 


5/2 


-1024/5145 


3 


5/2 


9/2 


2 


5/2 


11/2 


36/275 


3 


5/2 


7/2 


2 


3/2 


7/2 


95048/138915 


3 


5/2 


11/2 


2 


5/2 


9/2 


16/2475 


3 


5/2 


9/2 


2 


3/2 


7/2 


-55/1134 


3 


5/2 


11/2 


2 


5/2 


11/2 


-832/7425 

















Table D.6 

Angular reduced matrix elements (J'||(a^ x a)^ 1 ^ || «/) between Spin(5) coupled states, 
for ti < 5/2. For reduced matrix elements of j, multiply by —a/5- A square root sign 
is to be understood over the magnitude of each matrix element. 



T 


ti 


J 


T> 




J 


RME 


T 


ti 


.7 


T> 


7 


J 


RME 





1/2 


3/2 







3/2 


-3 


2 


3/2 


7/2 


2 


3/2 


7/2 


-18/1715 


1 


3/2 


1/2 


1 


3/2 


1/2 


3/10 


3 


5/2 


3/2 


3 


5/2 


3/2 


1/75 


1 


3/2 


5/2 


1 


3/2 


5/2 


-507/350 


3 


5/2 


3/2 


3 


5/2 


5/2 


112/225 


1 


3/2 


5/2 


1 


3/2 


7/2 


48/35 


3 


5/2 


5/2 


3 


5/2 


3/2 


-112/225 


1 


3/2 


7/2 


1 


3/2 


5/2 


-48/35 


3 


5/2 


5/2 


3 


5/2 


5/2 


6241/9450 


1 


3/2 


7/2 


1 


3/2 


7/2 


-162/35 


3 


5/2 


5/2 


3 


5/2 


7/2 


8/63 


2 


5/2 


3/2 


2 


5/2 


3/2 


-3/25 


3 


5/2 


7/2 


3 


5/2 


5/2 


-8/63 


2 


5/2 


3/2 


2 


5/2 


5/2 


144/175 


3 


5/2 


7/2 


3 


5/2 


7/2 


-4418/25515 


2 


5/2 


5/2 


2 


5/2 


3/2 


-144/175 


3 


5/2 


7/2 


3 


5/2 


9/2 


616/3645 


2 


5/2 


5/2 


2 


5/2 


5/2 


243/17150 


3 


5/2 


9/2 


3 


5/2 


7/2 


-616/3645 


2 


5/2 


5/2 


2 


5/2 


7/2 


72/343 


3 


5/2 


9/2 


3 


5/2 


9/2 


6241/16038 


2 


5/2 


7/2 


2 


5/2 


5/2 


-72/343 


3 


5/2 


9/2 


3 


5/2 


11/2 


784/495 


2 


5/2 


7/2 


2 


5/2 


7/2 


-59858/15435 


3 


5/2 


11/2 


3 


5/2 


9/2 


-784/495 


2 


5/2 


7/2 


2 


5/2 


9/2 


88/315 


3 


5/2 


11/2 


3 


5/2 


11/2 


13/1485 


2 


5/2 


9/2 


2 


5/2 


7/2 


-88/315 


1 


3/2 


1/2 


1 


1/2 


3/2 


6/5 


2 


5/2 


9/2 


2 


5/2 


9/2 


-289/198 


1 


3/2 


5/2 


1 


1/2 


3/2 


-42/25 


2 


5/2 


9/2 


2 


5/2 


11/2 


144/55 


2 


5/2 


3/2 


2 


3/2 


1/2 


6/5 


2 


5/2 


11/2 


2 


5/2 


9/2 


-144/55 


2 


5/2 


3/2 


2 


3/2 


5/2 


6/7 


2 


5/2 


11/2 


2 


5/2 


11/2 


-351/55 


2 


5/2 


5/2 


2 


3/2 


5/2 


-576/343 


1 


1/2 


3/2 


1 


1/2 


3/2 


-3/25 


2 


5/2 


5/2 


2 


3/2 


7/2 


-3042/1715 


2 


3/2 


1/2 


2 


3/2 


1/2 


3/10 


2 


5/2 


7/2 


2 


3/2 


5/2 


-432/343 


2 


3/2 


5/2 


2 


3/2 


5/2 


3/686 


2 


5/2 


7/2 


2 


3/2 


7/2 


128/343 


2 


3/2 


5/2 


2 


3/2 


7/2 


240/343 


2 


5/2 


9/2 


2 


3/2 


7/2 


-22/7 


2 


3/2 


7/2 


2 


3/2 


5/2 


-240/343 
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